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Laura Kovács1 , Andrei Mantsivoda2 , and Andrei Voronkov3
1

Chalmers University of Technology
2
Irkutsk State University
3
The University of Manchester

Abstract. We define an automatic proof procedure for finitely manyvalued logics given by truth tables. The proof procedure is based on
the inverse method. To define this procedure, we introduce so-called
introduction-based sequent calculi. By studying proof-theoretic properties of these calculi we derive efficient validity- and satisfiability-checking
procedures based on the inverse method. We also show how to translate
the validity problem for a formula to unsatisfiability checking of a set of
propositional clauses.
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Introduction

The inverse method of theorem proving was developed in the 1960s [12, 17–19],
see [10] for an overview. The method is essentially orthogonal to the tableau
method and is based on the bottom-up proof-search in sequent calculi. The
inverse method is based on the idea of specialising a sequent calculus by a given
goal, using the subformula property of sequent calculi. The inverse method was
successfully applied to a number of non-classical logics, including intuitionistic
logic and some modal logics [32, 34, 22].
The inverse method can be efficiently implemented for classical logic [31]
and some non-classical logics [33]. In this paper we give a presentation of the
inverse method for finite many-valued logics. We show how to apply the inverse
method to obtain a proof procedure for many-valued logics. Nearly all known
methods of automated reasoning have been extended to many-valued logic in [8,
9, 24, 25, 2, 27, 5, 14, 26, 15, 3], but to the best of our knowledge it is the first ever
presentation of the inverse method.
This paper is organised as follows. In Section 2 we define many-valued logics, their syntax and semantics. Section 3 defines so-called introduction-based
sequent calculi and proves results about their soundness and completeness. The
main results of this section are that soundness and completeness are “local”
properties, which can easily be checked. We also discuss minimal calculi (which
result in more efficient proof procedures) and prove admissibility of the cut rule.
In Section 4 we introduce a key definition of signed subformula. It is interesting
that this definition depends not only on the semantics of a logic, but also on a
sequent calculus we choose.
?
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Section 5 presents the main technique used by the inverse method: the specialisation of a sequent calculus to prove a particular goal, using the subformula
property. In Section 6 we show that the inverse method can be efficiently implemented by translation to propositional satisfiability. Finally, in Section 7 we
discuss some related work and future research directions. Detailed proofs of theorems are not included in this paper but can be found in its longer version 4 .
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Many-Valued Logics

This section contains all basic definitions. Many of them are quite standard
and included mostly for the sake of unambiguity. Results of this section are not
original. We only consider many-valued logics with a finite set of truth values.
Definition 1. A finite many-valued logic L is a triple (V , Con, arity, val ) where
1. V is a finite non-empty set of truth values;
2. Con is a finite non-empty set of connectives;
3. arity is a mapping from Con to the set of non-negative integers, called the
arity mapping;
4. val is a function from Con to the set of functions on V , called the valuation
function, such that the arity of val (c) is arity(c), for all c ∈ Con.
If arity(c) = m, then we call c an m-ary connective. The logic L is called a
k-valued logic if k is the number of elements in V .
For the rest of this paper we assume an arbitrary, but fixed k-valued logic
L = (V , Con, arity, val ). We also assume to have a countably infinite set Atom
of propositional variables.
Definition 2. The set of formulas of logic L is defined as follows:
1. Every propositional variable A ∈ Atom is a formula;
2. If c ∈ Con m and F1 , . . . , Fm are formulas, then c(F1 , . . . , Fm ) is a formula.
In many-valued logics we prove that a formula always has a given truth value
or a given set of truth values. We will introduce a notation for expressing that
a formula F has a truth value t.
Definition 3. A signed formula is a pair (F, t), denoted F t , where F is a fortm
mula and t ∈ V . A sequent is a finite set {F1t1 , . . . , Fm
} of signed formulas. For
tm
simplicity, we will write such a sequent as a sequence F1t1 , . . . , Fm
.
In [14, 26] signed formulas are signed with sets of truth values. For simplicity,
we only consider single truth values as signs. However, we can generalize our
results to sets of signs as well.
4
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The intuitive meaning of the signed formula F t is that the formula F has the
truth value t. Sequents are needed to define the semantics and the proof theory
tm
of many-valued logics. The intuitive meaning of a sequent F1t1 , . . . , Fm
is that
at least one of the Fi ’s has the truth value ti .
For sequents S1 , S2 , we will write S1 ∪ S2 as simply S1 , S2 . Likewise, for a
sequent S and formula F t , we will write S ∪ {F t } simply as S, F t , and similarly
for multiple sequents and formulas.
The semantics of many-valued logics is defined via the notion of an truth
assignment.
Definition 4. A truth assignment is any mapping α : Atom → V . The truth
value α(A) is the value of the variable A under the truth assignment α.
Truth assignments can be extended to arbitrary formulas F of logic L in the
following way. For any c ∈ Con of arity m, let
def

α(c(F1 , . . . , Fm )) = val (c)(α(F1 ), . . . , α(Fm ))
We shall also extend evaluations to signed formulas and sequents. Each signed
formula and sequent will be either true or false. More precisely, we extend the
mapping α to a mapping from signed formulas and sequents to the set of boolean
values {true, false} as follows:
def

α(F t ) =

def

α(F1t1 , . . . , Fntn ) =



true, if α(F ) = t
false, otherwise



true, if α(Fiti ) = true for some i = 1, . . . , n
false, otherwise

Definition 5. A sequent S is called valid in a logic L if for all truth assignments
α we have α(S) = true.
The semantics of connectives in finitely-valued logics can conveniently be
represented via truth tables. A truth table for a connective c is a table whose
rows are all tuples of the graph of val (c). For example, in a two-valued logic
with truth values {t, f } the ternary connective c such that val (c)(t1 , t2 , t3 ) = t
iff t1 = t2 = t or (t1 = t3 = t and t2 = f ) can be represented by the following
truth table:
A1
t
t
t
t
f
f
f
f

A2
t
t
f
f
t
t
f
f

A3 c(A1 , A2 , A3 )
t
t
f
t
t
t
f
f
t
f
f
f
t
f
f
f
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Sequent calculi

The main goal of proof systems for many-valued logics is to prove validity of
sequents. There is a technique allowing a sound and complete sequent calculus
to be constructed from a given many-valued logic [30, 4]. In this section we
define introduction-based sequent calculi. A naive way of constructing a sound
and complete sequent calculus creates however many redundancies. We try to
avoid this by using a minimal sequent calculi.
When presenting sequent calculi, we will use the terminology of [6, 10]. Namely,
an inference has the form
{S1 , · · · , Sn } ,
S
where n ≥ 0, an inference rule is a collection of inferences and a calculus is a
collection of inference rules. In the inference above, the sequent S is called the
conclusion, and S1 , . . . , Sn the premises of this inference. For simplicity, we will
write such inferences as
S1

···
S

Sn .

As in [6, 10], a derivation in a calculus is any tree built from inferences in this
calculus. A sequent is derivable if it has a derivation.
Definition 6. A calculus G of sequents is called introduction-based if
1. G contains the inferences rule
At 1 , . . . , A t k

(1)

where A is an arbitrary propositional variable and t1 , . . . , tk are all truth
values of the logic.
2. G contains some inference rules of the form
t

{Sj , Fj j | j ∈ J}
S

j∈J

Sj , c(F1 , . . . , Fn )t

(2)

where J is a fixed subset of {1, . . . , n}, the Fj ’s are arbitrary formulas and
the tj ’s and t are fixed truth values. Such an inference rule will be called an
introduction rule for c.
3. G contains no other rules.
Note that in this definition the set of indices J may form a proper subset of
{1, . . . , n} and the truth values tj ’s should not necessarily be pairwise different.
An introduction rule represents an infinite set of inferences, obtained by varying
formulas F1 , . . . , Fn .
To illustrate this definition and any other material in this paper we will use
the standard two-valued logic L2 with truth values true and false, the standard

connectives like the conjunction and a ternary connective ite (if-then-else). The
valuation function of L2 for all connectives is considered as standard.
The following are familiar introduction rules for the conjunction ∧:
S, F1false

S, F2false
false

S, (F1 ∧ F2 )

false

S, (F1 ∧ F2 )

S1 , F1true S2 , F2true
S1 , S2 , (F1 ∧ F2 )true

The following is an introduction rule for ite:
S1 , F1true S2 , F2true
S1 , S2 , ite(F1 , F2 , F3 )true
In the sequel a calculus means an introduction-based calculus, unless otherwise is clear from the context.
Definition 7. An introduction rule (2) is called sound if for every inference of
this rule, whenever all premises of the rule are true, the conclusion is also true. A
calculus is called locally sound if every rule of this calculus is sound. A calculus
is called sound if every derivable sequent is true.
Theorem 8. A calculus is sound if and only if it is locally sound. Every locally
sound calculus is sound, i.e. every sequent provable in a calculus locally sound
for L, is valid in L.
Definition 9. A calculus G is called subset-complete if for every valid sequent
S there exists a derivable sequent S 0 such that S 0 ⊆ S. A calculus G is called
locally complete if for every n-ary connective c and truth values t1 , . . . , tn , t such
that t = val (c)(t1 , . . . , tn ), there exist a set J ⊆ {1, . . . , n} such that rule (2)
belongs to G.
Note the non-standard formulation of completeness caused by the absence of the
weakening rule in the calculus. Consider, for example, the logic L2 . The sequent
Atrue , Afalse , B true , where A and B are propositional variables, is valid, but not
derivable in any introduction-based calculus, since it does not have the form (1)
and contains no connectives. However, its proper subset Atrue , Afalse is derivable
in every such calculus, since it is an instance of (1). It is not hard to argue that
the following theorem holds.
Theorem 10. A calculus G is subset-complete if and only if it is locally complete.
From Theorems 8 and 10 we obtain the following result.
Theorem 11. An introduction-based calculus is sound and subset-complete if
and only if it is both locally sound and locally complete.

Let us introduce the weakening rule, or simply weakening:
S .
S, F t
Obviously, weakening preserves validity. We call an introduction-based calculus
with weakening, or simply calculus with weakening, any calculus obtained from
an introduction-based calculus by adding the weakening rule.
Definition 12. A calculus is called complete if every valid sequent is derivable
in this calculus.
Theorem 13. A calculus with weakening is sound and complete if and only if
it is both locally sound and locally complete.
Definition 14. Let {t1 , . . . , tn } be all truth values of a logic L. The cut rule
for this logic is defined as follows
S1 , F t1

Sn , F tn

···
S1 , . . . , Sn

Theorem 15. The cut rule is admissible in any calculus with weakening which
is both locally sound and locally complete, that is, every sequent derivable in
this calculus with the use of the cut rule, is also derivable without the cut rule.
Proof. It is enough to note that the cut rule is sound and apply Theorem 13.
It is not hard to find a locally sound and locally complete calculus. Consider
the calculus defined by all inference rules of the form
S1 , F1t1

···

Sn , Fntn

S1 , . . . , Sn , c(F1 , . . . , Fn )t
where val (c)(t1 , . . . , tn ) = t. It is straightforward to show that this calculus is
both locally sound and locally complete.
Let us introduce a partial order ≤ on inference rules of introduction-based
calculi as the smallest order such that
S, Frtr

···

S, Fsts

S, c(F1 , . . . , Fn )t

t

≤

S, Fpp

...

t

S, Fq q

S, c(F1 , . . . , Fn )t

whenever {r, . . . , s} ⊆ {p, . . . , q}.
Example 16. Consider the following three rules for the classical disjunction:
S, F2true
S, (F1 ∨ F2 )true
S, F1false

S, F2true

S, (F1 ∨ F2 )true
S1 , F1true
S2 , F2true
S1 , S2 , (F1 ∨ F2 )true

(3)
(4)
(5)

Then (3) ≤ (4) and (3) ≤ (5), but rules (4) and (5) are incompatible w.r.t. ≤.
The relation ≤ can be generalised to a partial order  on introduction-based
calculi by comparing their sets of rules using the finite multiset extension of ≤,
see [11] for a precise definition. We are interested in calculi minimal w.r.t.  since
smaller calculi have a more compact presentation of inference rules. Consider,
for example, introduction rules for ite in L2 . It is not hard to argue that the
following are all such inference rules minimal w.r.t. ≤:
S1 , F1true S2 , F2true
S1 , S2 , ite(F1 , F2 , F3 )true
S1 , F1false S3 , F3true
S1 , S3 , ite(F1 , F2 , F3 )true
S2 , F2true S3 , F3true
S2 , S3 , ite(F1 , F2 , F3 )true

S1 , F1true

S2 , F2false

S1 , S2 , ite(F1 , F2 , F3 )false
S1 , F1false S3 , F3false
S1 , S3 , ite(F1 , F2 , F3 )false
S2 , F2false S3 , F3false
S2 , S3 , ite(F1 , F2 , F3 )false

It has the least locally sound and locally complete calculus consisting of the first
four of the above rules. This example shows that finding minimal calculi may be
non-trivial, since the last two inference rules are minimal, but not occur in the
least calculus.
One can also show that, in general, the least calculus may not exist.
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The Subformula Property

The theorem proving problem for a many-valued logic consist of determining
the validity of a sequent. If the formula is valid, one may also want to have
a derivation of this formula in some calculus. If it is not valid, one generally
requires to find a truth assignment that makes the formula false. To design a
proof-search algorithm based on the inverse method, we will use a subformula
property. Interestingly, our definition of (signed) subformula will not be given in
terms of the logic itself: it will be based on a locally sound and locally complete
calculus. In the sequel we assume that such a calculus G is fixed.
Definition 17. Let G contain an inference rule (2). Then we say that each
t
signed formula Fj j is the immediate signed subformula of c(F1 , . . . , Fn )t . The
notion of a signed subformula is the reflexive and transitive closure of the notion
of immediate signed subformula. A signed subformula of a sequent S is any signed
subformula of a signed formula in S.
Suppose that for two calculi G1 and G2 we have G1  G2 . It is interesting that,
if a signed formula s1 is a signed subformula of a signed formula s2 with respect
to G1 , then s1 is also a signed subformula of s2 with respect to G2 . This means
that smaller calculi give smaller “signed subformula” relations.
Our main interest in the subformula property can be explained by the following theorem.

Axioms Axioms of Gγ are all sequents of the form
A1 , . . . , Ak
such that each Ai is a signed subformula of a signed formula in γ.
Introduction rules These are all rules of Gγ are all rules of the form (2) restricted
to signed subformulas of γ.

Fig. 1. The sequent calculus Gγ

Theorem 18. Let Π be a derivation of a sequent S. Then all signed formulas
occurring in Π are signed subformulas of signed formulas in S.
Proof. Straightforward by induction on the depth of Π.
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The Inverse Method

The inverse method tries to construct derivations from axioms to the goal, using
the subformula property. Paper [10] contains a detailed explanation on how one
can design the inverse proof search based on sequent calculi having a suitable
subformula property. This can be done in two steps: first, given a sequent γ to
be proved, build a specialised sequent calculus intended to only prove γ and
second, organise proof-search in this specialised calculus. For some modal and
other non-classical logics the second step can be highly non-trivial, as, e.g., in
[34]. In this paper we show that, for many-valued logics, the second step can be
delegated to a propositional SAT solver.
For the rest of this section we assume that γ is a fixed sequent whose validity
is to be established. Also, for simplicity of notation, we assume that the set of
truth values is the set of integers {1, . . . , k}. The specialised calculus Gγ is shown
on Figure 1.
It is not hard to argue that Gγ has the following properties:
Proposition 19. The following statements are true about Gγ :
1. Every sequent derivable in Gγ consists of signed subformulas of γ.
2. The set of sequents used in Gγ is finite.
Further, we also have the following property.
Theorem 20 (Soundness and completeness of Gγ ). The sequent γ is valid
if and only if it is provable in Gγ .
This theorem serves as a foundation of a proof procedure for many-valued
logics. In the next section we show how one can use SAT solvers to search for
derivations.
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Inverse Method and Resolution

In this section we generalize to many-valued logics a well-known translation
of sequent derivations into hyperresolution derivations. For classical logic it was
described in different forms in [18, 16, 23, 10]. In this section we will use the standard terminology in propositional resolution, including (positive and negative)
literals and clauses. We will consider a clause both as a set and a disjunction of
literals.
Consider the set Sγ of all signed subformulas of γ. We will now treat each
signed formula in Sγ as a propositional variable. These propositional variables
should not be confused with the propositional variables in Atom.
Consider any introduction rule R in Gγ :
t

{Sj , Fj j | j ∈ J}
S

j∈J

Sj , c(F1 , . . . , Fn )t

.
(6)

Denote by CR the following propositional clause using variables in Sγ :
_

t

¬Fj j ∨ c(F1 , . . . , Fn )t .

j∈J

We recall that positive (propositional) hyperresolution is the following inference rule on propositional clauses:
C1 ∨ p1

···

Cn ∨ pn ¬p1 ∨ . . . ∨ ¬pn ∨ C ,
C1 ∨ . . . ∨ Cn ∨ C

(7)

where p1 , . . . , pn are propositional variables and C1 , . . . , Cn , C are clauses consisting only of positive literals. The conclusion of this rule is called a hyperresolvent of the clauses C1 ∨ p1 , . . . , Cn ∨ pn against the clause ¬p1 ∨ . . . ∨ ¬pn ∨ C.
The following proposition is straightforward:
Proposition 21. For every instance of (6), the conclusion of this inference is a
hyperresolvent of the premises against C(R). Vice versa, every inference of the
form (7) against C(R), where all clauses Ci ∨ pi consist of variables in Sγ , is an
instance of R.
Suppose that γ = s1 , . . . , sm . Define the set C(γ) of clauses consisting of
clauses of three kinds:
1. All clauses A1 ∨ . . . ∨ Ak , such that A1 , . . . , Ak are signed subformulas of γ;
2. All clauses C(R), such that R is a rule of Gγ ;
3. The (unary) clauses ¬s1 , . . . , ¬sm .
Using Proposition 21 one can prove the following theorem:
Theorem 1. The sequent γ is valid if and only if the set C(γ) is unsatisfiable.

One can use this theorem not only for establishing validity, but also for finding
sequent derivations of (subsets of) γ. To this end, one should find an arbitrary
resolution refutation of C(γ) and transform it into a hyperresolution refutation.
The details are included in a longer version of this paper.
Likewise, for any sequent that is not valid one can find a countermodel, as
follows. Take any model M of C(γ), for example, found by a SAT solver. We
have to find a truth assignment α that makes γ false. Suppose that A ∈ Atom. If
all A1 , . . . , Ak are signed subformulas of γ, then A1 ∨ . . . ∨ Ak is a clause in C(γ),
hence for at least one j we have M |= Aj . In this case we pick any such truth
def

value j and define α(A) = j. If some of A1 , . . . , Ak is not a signed subformulas
def

of γ, we pick such Aj and define α(A) = j.
Note that there is an interesting variation of our translation, where we add
clauses ¬Ai ∨¬Aj for all i 6= j. It requires experiments on large and hard formulas
to understand whether it improves validity checking. On the one hand, we obtain
a large set of clauses. On the other hand, we obtain many binary clauses, which
may result in better performance because of improved unit propagation.

7

Conclusion and Related Work

By proof-theoretic investigation of sequent calculi for many-valued logics, we
show how to design an inverse method calculus for a given sequent γ. Further,
we show that validity checking for γ can be done by a SAT solver by building a
set of propositional clauses C(γ) such that C(γ) is unsatisfiable if and only if γ
is valid.
Theorem proving for many-valued logics is an area that attracted attention
of many researchers. Some papers were already cited above, let us now mention papers most relevant to this paper. Papers [2, 3] build a resolution calculus
for many-valued logics. Our calculus uses the inverse method and our hyperresolution simulation is different since the result of our translation is the set
of ordinary propositional clauses. There are several papers providing translation from many-valued clausal logic into SAT, including [1, 7]. On the contrary,
we focus on non-clausal formulas. Paper [15] discusses translation of formulas
in many-valued logics to short normal forms, however these normal forms are
many-valued too. Contrary to all these papers, we design an optimised translation by studying proof-theoretic properties of sequent calculi. For example, our
notion of signed subformula is proof-theoretic and in general gives smaller sets
of signed subformulas than in other approaches. The proof-theoretic investigation in this paper uses many ideas from [10]. However, [10] does not discuss
many-valued logics and the translation to propositional resolution.
In future our results may benefit from results and ideas in the above mentioned papers. For example, using sets of signs instead of single signs is an
interesting avenue to exploit. We are also interested in handling quantifiers.
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