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Abstract
Link reversal is the basis of several well-known routing algorithms [10, 16, 12]. In these algorithms, logical directions are imposed on the communication links and a node that becomes a sink
reverses some of its incident links to allow the (re)construction of paths to the destination. In the
Full Reversal (FR) algorithm [10], a sink node reverses all its incident links. Other schemes have
also been considered, in which a sink node reverses only some of its incident links; a notable example is the Partial Reversal (PR) algorithm [10]. Prior work [7] has introduced a generalization,
called LR, of link-reversal routing, including FR and PR that uses binary labels on links and has
given an exact analysis of the work complexity of this generalization.
In this paper, we show that every execution of LR on any link-labeled input graph corresponds,
in a precise sense, to an execution of FR on a transformed graph. Thus, all the link reversal schemes
captured by LR, in which a sink’s incident edges are only partially reversed, can be reduced to FR,
indicating that “partial is full.” The correspondence preserves the work and time complexities.
By referring to a companion paper on the time complexity of FR [6], we can, for the first time,
obtain the exact time complexity for LR, and by specialization for PR. In fact, we provide a direct
expression for the LR time complexity as function of simple characteristics of the link-labeled
input graph, by identifying a key quantity called the routing failure of chains in the graph.
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Introduction

Gafni and Bertsekas [10] proposed a family of distributed algorithms for routing to a destination node
in a wireless network subject to communication link failures. In these networks, virtual directions
are assigned to the links between nodes, and messages are sent over the links according to the
virtual directions. If the directed graph induced by the virtual directions has no cycles and has
the destination as the only sink, then such a scheme ensures that forwarded messages reach the
destination. To accommodate link failures, it might be necessary to reverse the virtual directions of
some of the links in order to reestablish the properties that will ensure proper routing of messages.
The algorithms in [10] identified the formation of sinks as a detriment to achieving routing; whenever
a node (other than the destination) in the graph becomes a sink, either because of the loss of an
incident link or the reversal of the direction of an incident link, the node takes action so that it is no
longer a sink.
In the first algorithm in [10], called Full Reversal (FR), a sink node reverses all its incident
links. However, other reversal schemes are also possible in which some, but not all, links incident
on a sink are reversed. One particular such partial reversal scheme, called Partial Reversal (PR), is
proposed in [10]; roughly speaking, in PR a sink reverses only those incident links that have not been
reversed since the last time the node was a sink. Implementations of these two algorithms assigned
unbounded height values to the nodes, viewed a link as directed from the endpoint with higher height
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to the endpoint with lower height, and brought about link reversal by having a sink node increase
its heights relative to its neighbors’ heights according to some given rule. Various types of heights
and of height-increasing rules result in a family of link reversal routing algorithms that include FR
and PR. The link-reversal approach to routing is the basis of a couple of well-known routing protocols
for mobile ad hoc networks [16, 12]. It has been adapted further to solve leader election [14, 9, 11],
and the same general idea has also been exploited in solutions to other problems, including resource
allocation [5, 2, 13], distributed queueing [18, 1], and mutual exclusion [17, 15, 19].
However, a complete analysis of the performance of link reversal routing algorithms has not yet
been done, even for the original case FR and PR. Such work was pioneered by Busch et al. [3, 4]. In
these papers, the authors considered the height-based implementations of FR and PR, and analyzed
the work complexity measure, which is the total number of reversals done by all the nodes. An
exact formula for the work complexity of every node in every graph was derived for FR, while
for PR, asymptotically tight bounds were derived. The other natural complexity measure of link
reversal algorithms is time, which is the number of iterations required until termination in “greedy”
executions [2], where, in each iteration, all sinks take steps. Greedy executions are those with the
highest possible parallelism. Clearly, global work complexity is the number of iterations in completely
sequential executions, and so is at least equal to global time complexity. For both FR and PR, that
implies a quadratic upper bound on global time complexity. Concerning time complexity, Busch et
al. [3, 4] only obtained limited results: for each of FR and PR, they described a family of graphs
on which the algorithm achieves quadratic global time complexity. However, these results were not
conclusive, in that they did not demonstrate any significant differences between FR and PR.
Recently, Charron-Bost et al. [7] have taken a different approach to implementing link reversal,
which does not use node heights. Instead, they considered an initial directed graph, assigned binary
labels to the links of the graph, and used the labels on the incident links to decide which links to
reverse and which labels to change. This generalized algorithm, called LR, can be specialized to
different specific algorithms, including FR and PR, through different initial labelings of the links;
the two initial labelings that are globally uniform correspond to FR and PR, and non-uniform initial
labelings correspond to other partial reversal schemes. This approach allowed an exact analysis
of the work complexity of each node in LR for link-labeled graphs. In particular, the exact work
complexities for each node in FR and PR were obtained. A closer analysis of the work-complexity
tradeoffs between FR and PR based on game theory appears in [8]. This analysis showed that PR is
better than FR regarding work complexity in an interesting way: FR can be worse than the optimal
link labeling by a factor that is linear in the number of nodes of the graph, whereas PR is never more
than twice as bad as the optimal link labeling.
In this paper, we address the open problem of the exact time complexity of LR. In a companion
paper [6], we used the fact that FR executions can be modeled as linear dynamical systems, in order
to obtain an exact expression for the time complexity of an arbitrary node in an arbitrary graph,
as a function of some simple properties of the input graph. The behavior of LR in general is not
linear, and the method in [6] cannot directly work for LR. We overcome this difficulty by establishing
a general reduction of LR to FR: we show that every execution of LR from any link-labeled input
graph G† corresponds to an execution of FR from a transformed graph T (G† ). The main point in
the reduction is that the correspondence preserves the work and time complexities. Thus, the time
complexity of LR (and in particular, of PR) from a graph G† can be obtained by transforming G†
into T (G† ) and then applying the FR time complexity results from [6] to T (G† ).
In the FR case, the work complexity of node i, denoted wi , is shown [3, 4, 7, 6] to be the minimum,
over all chains from the destination to i, of the number of links in the chain that are directed away
from the destination. Also, it is shown in [6] that the time complexity of node i is one greater than
the maximum length of all chains that end at node i (no matter where they start) and have wi − 1
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links in the chain directed toward i. So it turns out that the key quantity for both work and time
complexity of FR is the number r of links in a chain that are directed toward the last node in the
chain. For LR, we introduce a new chain potential in link-labeled graphs, which we call the routing
failure, that is a generalization of the quantity r for FR. We establish formulas for the time and work
complexity of LR which are analogous to those for FR when replacing r with the routing failure of
the chain. In this way, we provide a general expression for the time complexity of LR, and thus also
of PR, as a function of characteristics of the input graph G† only. Interestingly, we show that the
routing failure of a chain c in a link-labeled graph G† is actually a simple function of the values of
r for the various chains that correspond to c in the transformed graph T (G† ), thus completing the
reduction of LR to FR. Hence, all the link reversal schemes captured by LR, in which a sink’s incident
edges are only partially reversed, can be reduced to Full Reversal, indicating that “partial is full.”

2

Preliminaries

We consider directed graphs with N + 1 nodes, one of which is a specific node called the destination
node, and a set E of directed links. For convenience, we refer to the destination as node 0 and we let
V = {1, 2, . . . , N } be the remaining nodes.
The link (i, j) in E is said to be incident on both i and j, and to be outgoing from i and incoming
to j. Let Ini and Outi denote the set of incoming and outgoing neighbors of i, respectively. A node i
is said to be a sink if and only if all its incident links are incoming to i. A chain is a sequence c of
nodes i0 , . . . , ik , k ≥ 0, such that for all m, 0 ≤ m < k, either (im , im+1 ) is in E or (im+1 , im ) is in E;
the length of the chain c, which we denote by λ(c), is defined to be k. We denote by c−1 the chain
ik , . . . , i0 that is the reverse of chain c. We denote by C(i, j, G) the set of all chains of finite length
in G that start with node i and end with node j; we denote by C(→ j, G) the set of all chains of finite
length in G that end with node j (no matter where they start). A path is a chain i0 , . . . , ik such that
for all m, 0 ≤ m < k, (im , im+1 ) is in E.
G is connected if for any two nodes i and j, there is a chain from i to j. A node i is good in G if
there is a path from i to 0, otherwise i is bad. We say that G is 0-oriented if every node is good in G.
A chain c = i0 , . . . , ik , where k ≥ 1, is closed if ik = i0 . A cycle is the subgraph of G induced by
a simple closed chain that is a path; in a cycle, all the links point in the same direction. If G has no
cycles, then it is acyclic.
A directed graph G = hV ∪ {0}, Ei is defined to be routable if it is connected, it has no self-loops,
and for each (i, j) in E, (j, i) is not in E.1 We only consider input graphs that are routable.
Given two routable graphs G1 = hV1 ∪{0}, E1 i and G2 = hV2 ∪{0}, E2 i, G2 is called a reorientation
of G1 if G1 and G2 have the same undirected support, in the sense that V1 = V2 , and there is a
bijection f from E1 to E2 such that f ((i, j)) is either (i, j) or (j, i). The notion of being a reorientation
is symmetric, in that G1 is a reorientation of G2 if and only G2 is a reorientation of G1 .
Then we consider the Routing Problem [10]: given a routable graph (to 0) G, find a reorientation
of G that is 0-oriented. If G is 0-oriented, then there is no sink in G other than 0. As shown in [10],
the converse holds if G is acyclic:
Proposition 1. Let G be a directed, connected and acyclic graph with a specific node 0. The following
conditions are equivalent: (i) G is 0-oriented, (ii) node 0 is the sole sink of G.
This leads to the link reversal strategy to solve the Routing problem: it consists in “fighting”
sinks — that is, changing the direction of links incident to sinks — while maintaining acyclicity. To
1

The routing algorithms under consideration assign dynamically changing virtual directions to the edges of an
undirected graph that models bidirectional communication channels between nodes. Thus it does not make sense for
both (i, j) and (j, i) to be in the corresponding directed graph.
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implement this strategy in a distributed setting, we assume that a process is associated with each
node of the graph, and for each node i, the process associated with i can both (a) determine the
direction of all the links incident to i, and (b) change the direction of all incoming links incident to i.
In this case, any process associated with a sink can locally detect that the graph is not destinationoriented, and then it reverses some of its incoming links in order to be no longer a sink. It remains
to verify that this scheme maintains acyclicity and terminates. In the sequel, we shall work within
the context of (a) and (b), and we shall identify a node i with the process associated with i.

2.1

The LR Algorithm

Following the above strategy, Charron-Bost et al. [7] proposed a general algorithm for the routing
problem, called LR for Link Reversal, in which binary labels are assigned to the links; when a node
takes a step, it uses a local rule to update the directions and labels on the incident links. The LR
algorithm unifies the Full Reversal and Partial Reversal algorithms given by Gafni and Bertsekas [10]
just by varying the input binary labeling of LR, while the local rule is always the same.
In more detail, we consider a graph G = hV ∪ {0}, Ei and a function µ from E to {O, 1}, which
assigns the label O or 1 to each link of G. We denote the resulting link-labeled graph as G† = hG, µi,
and G is called the support of G† . The dagger superscript will be used throughout to indicate such
a link-labeled graph. If the support of G† is routable, then G† is said to be a link-labeled routable
graph. All the definitions given in the above subsection still hold for link-labeled graphs.
Each node i other than 0 can apply the following (mutually exclusive) rules if it is a sink:
R1: If at least one link incident on i is labeled O, then all the links incident on node i that are labeled
with O are reversed, the other incident links are not reversed, and the labels on all the incident
links are flipped.
R2: If all the links incident on node i are labeled 1, then all the links incident on i are reversed, but
none of their labels is changed.
When node i applies R1 or R2, then i is said to take a step.
Given a link-labeled routable graph G† , any nonempty set S of sinks in G† is said to be applicable
to G† , as each node in S may “simultaneously” take a step. Since two neighboring nodes cannot both
be a sink, the resulting graph depends only on S and G† , and is denoted by S.G† . In case S = {i},
we write i.G for short, instead of {i}.G. By induction, we easily generalize the notion of applicability
to G† for a sequence S of nonempty sets of nodes, and we denote the resulting graph by S.G† .
An execution of the LR algorithm from a link-labeled routable graph G†0 is a sequence G†0 , S1 , . . .
G†t−1 , St , . . . of alternating link-labeled routable graphs and sets of nodes satisfying:
1. For each t ≥ 1, St is applicable to G†t−1 .
2. For each t ≥ 1, G†t equals St .G†t−1 .
3. If the sequence is finite, then it ends with a graph that contains no sinks other than 0.
The transition from G†t−1 to G†t is called iteration t, and node i in St is said to take a step at iteration t.
Since each St can be any nonempty subset of the sink nodes in G†t−1 other than 0, there are
multiple possible LR executions starting from the same initial graph: the flexibility for the sets
St captures asynchronous behaviors of the nodes. We may thus model a range of situations, with
one extreme being the maximally concurrent situation in which all sinks take a step at each iteration, and the other extreme being a single node taking a step in each iteration. An LR execution
G†0 , S1 , . . . , G†t−1 , St , . . . that exhibits the maximal amount of parallelism is called greedy, i.e., each
St consists of all the sinks in G†t−1 . Since the algorithm is deterministic, there is exactly one greedy
LR execution for a given initial link-labeled routable graph G†0 .
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In an LR execution in which the links are all initially labeled with 1, links remain labeled with 1
and a sink can execute exclusively R2, i.e., it makes a full reversal of its incident links. Otherwise,
some links are initially labeled with O, and certain nodes may apply R1, and then make a partial
reversal as they reverse a strict subset of their incident links.
We now review the basic properties of the LR algorithm shown in [7].
Theorem 1. Let G† be any link-labeled routable graph, and G its directed support.
(a) Any LR execution from G† is finite.
(b) Each node takes the same number of steps in every LR execution from G† . Moreover, the final
graph depends on G† only.
(c) If all links are labeled with 1 in G† , then the LR executions from G† are the executions from G
of the Full Reversal algorithm.
(d) If all links are labeled with O in G† , then the executions from G† are the executions from G of the
Partial Reversal algorithm.
Theorem 1.c and 1.d assert that the Full and Partial Reversal algorithms from [10] discussed in
the introduction correspond to two specific link labeling initializations for the LR algorithm, namely
the globally uniform labelings with 1 and with O. This is why the LR executions with such initial
labelings are called FR executions and PR executions, respectively.

2.2

Complexity measures

Given any LR execution G†0 , S1 , G†1 , S2 , . . . , we know from Theorem 1.a that the execution is finite,
and thus ends with G†k for some k. The work complexity of node i in the execution, denoted wi , is
the number of steps taken by i; formally, wi = |{1 ≤ t ≤ k : i ∈ St }|. Since the execution is finite,
so is each wi . Moreover, by Theorem 1.b, wi depends only on the initial link-labeled routable
P graph
and not on the order in which nodes take steps. We define the work complexity to be w = N
i=0 wi .
The time complexity is measured by counting the number of iterations in greedy executions:
assuming that between any two consecutive iterations in a greedy LR execution G†0 , S1 , . . . Sk , G†k
one time unit elapses, the time complexity of node i ∈ V ∪ {0}, denoted by θi , is the last iteration
when i takes a step. Formally, θi = 0 if wi = 0, and θi = max{t : i ∈ St } otherwise. We define the
time complexity to be θ = max{θi : i ∈ V ∪ {0}}.

2.3

The FR executions

Theorem 1.a shows that starting with any link-labeled routable graph, whether acyclic or not, the
LR algorithm converges, i.e., reaches a graph with no sink other than 0. By Proposition 1, the LR
algorithm is a solution to the Routing Problem when the final graphs are acyclic. Moreover, one easily
observes that acyclicity of the graph is maintained in FR executions. Consequently, LR solves the
Routing Problem for the globally uniform labeling with 1 when the initial routable graph is acyclic.
In a companion paper [6], we have analyzed work and time complexity for FR. The formulas we
obtained are stated in terms of an important characteristic of the input graph G: for any chain c in G,
let r(c) be the number of links in c that are directed the “right” way, i.e., the number of consecutive
nodes ik , ik+1 in c such that (ik , ik+1 ) is a link of G. We have shown that:
Theorem 2. In any execution of Full Reversal from any acyclic routable graph G, for any node i,
the work complexity of node i is wi = min{r(c) : c ∈ C(0, i, G)}.
Theorem 3. If wi is the work of some node i in V in executions of Full Reversal from any routable
graph G, then the time complexity θi of node i in the greedy execution is 0 if wi = 0, and otherwise
θi = max{λ(c) : c ∈ C(→ i, G) ∧ r(c) = wi − 1} + 1.
5

Theorem 2 has been previously proved by Busch et al. [3, 4], using a node layering specific to the
Full Reversal algorithm. In [7], Charron-Bost et al. gave a general formula for the work complexity
of LR, which also provides the expression in Theorem 2 when specializing it to FR executions.
The authors introduced for link-labeled graphs, a chain potential Φ that regularly decreases in LR
executions, and a property called (AC), which is shown to guarantee the acyclicity of graphs. As we
will show, Φ and the (AC) property are actually the translations of the potential r and the acyclicity
property in our reduction of LR to FR.

3

Reduction to FR executions

In this section, we explain how to transform any routable link-labeled graph G† into a routable
(unlabeled) graph H such that any LR execution from G† is equivalent to an FR execution from H.
The proof of the execution equivalence uses diagram chasing arguments.

3.1

The graph transformation

By inspection of the LR algorithm and its two rules R1 and R2, we observe that each node in V which
initially has at least one incoming link labeled with O, and at least one link which either is outgoing,
or is incoming and labeled with 1 always execute R1, and thus reverses only a proper subset of its
incoming links when it is a sink. More precisely, the incident links of such a node can be partitioned
into two sets, where the links in one set are reversed at odd steps and the others at even steps. These
nodes are called double nodes. On the contrary, every other node in V either initially is a sink with
all incoming links labeled with O, or initially has all its incoming links labeled by 1, and always
reverses the direction of all its incident links. Such a node is called a single node. For convenience,
the destination node 0 is supposed to be a single node. We are thus led to partition the set of nodes
V ∪ {0} into the two disjoint subsets of nodes S(G† ) and D(G† ), which are the set of single nodes
and the set of double nodes in G† , respectively. The above sketched argument shows the following
invariance property of this bi-partitioning (a complete proof is given in [7]):
Theorem 4 ([7]). For any LR execution G†0 , S1 . . . G†k , and for any t, 0 ≤ t ≤ k, D(G†t ) = D(G†0 )
and S(G†t ) = S(G†0 ).
In the FR case, we easily check that D is empty. The exclusive use of R2 in this case leads to a
regular interleaving given in [6]:
Proposition 2. Consider any routable graph G, any FR execution from G, and any node i in G.
(a) Between two consecutive steps by a node i other than 0, each neighbor of i takes exactly one step.
(b) If i takes at least one step, then before the first step by i, each node j ∈ Ini takes no step and
each node k ∈ Outi takes exactly one step.
The point in general LR executions is to cope with the double nodes: between two steps of a
double node i, not all i’s neighbors take steps. From the viewpoint of one of i’s neighbors j that is a
single node, i takes two steps between two steps of j.
Hence Proposition 2 does not hold anymore in the general LR case. However, the LR interleaving
is always regular. To see that, we distinguish between odd and even steps of each double node i, and
hence introduce two types of steps by i which alternate. We consider only one type of steps for single
nodes. We then observe for any two neighbors i and j that between two steps of a certain type by
node i there is exactly one step of each type by node j. That yields an alternating pattern of typed
steps of neighbors, similar to the alternating pattern of the FR interleaving, and an initial offset of
typed steps is similar to the FR initial offset.
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Figure 1: Transformation of link (i, j) in G† to a collection of links in T (G† ).
This leads to the idea of simulating an LR execution from a routable link-labeled graph G† with
an FR execution from a directed graph H which is obtained from G† by splitting each double node
into two distinct nodes, and by connecting the resulting nodes with directed links so that the FR
interleaving given by Proposition 2 corresponds to the regular interleaving in the LR executions
from G† described just above.
Formally, we consider the graph transformation T that maps any link-labeled graph G† to a
directed graph H = T (G† ). In order not to confuse nodes from G† with the nodes from T (G† ), we
keep the convention that nodes in G† are from {0, . . . , N } and introduce the convention that nodes in
T (G† ) are strings of the form [i] or − [i], where i is in N. For a set S ⊆ N, we define [S] = {[i] : i ∈ S}.
Definition 1. Given a routable link-labeled graph G† = hV ∪ {0}, E, µi, we define T (G† ) = hV T ∪
{[0]}, E T i to be the routable graph with destination node [0], V T = {[i] : i ∈ V } ∪ {− [i] : i ∈ D(G† )},
and E T defined as follows: for any link e = (i, j) ∈ E labeled with µ = µ(e),
1. ([i], [j]) is in E T ;
2. if i ∈ D(G† ), then (− [i], [j]) is in E T ;
3. if j ∈ D(G† ), then
if µ = O, then (− [j], [i]) is in E T , else ([i], − [j]) is in E T ;
4. if both i ∈ D(G† ) and j ∈ D(G† ), then
if µ = O, then (− [j], − [i]) is in E T , else (− [i], − [j]) is in E T .
Figure 1 illustrates the transformation of a link (i, j) in G† . Links drawn with dashed arrows
only exist if the incident nodes − [i] or − [j] exist, that is, if i or j is a double node. Through the
transformation T , each labeled link e in E is mapped into a set of links in E T which we denote
by T (e). Further, if e is a link in G† and i is a sink in G† , then we denote by i.e the corresponding
link in i.G† . Similarly, we denote by [i].T (e) the set of links in [i].T (G† ) corresponding to link e ∈ G† .
From the very definition of T (G† ), we easily establish that:
Proposition 3. A node i in G† is a sink in G† if and only if [i] is a sink in T (G† ). Moreover, if
j ∈ D(G† ), then the node − [j] is not a sink in T (G† ).
Hence, if i is a sink in G† , then {i} is applicable to G† , and {[i]} is applicable to T (G† ).

3.2

Dynamics in LR executions

In this section, we show that the dynamics in any LR execution from G† are in some sense equivalent
to the dynamics in an FR execution from T (G† ). For that, we use graph isomorphisms: given two
directed graphs G = hV, Ei and G′ = hV ′ , E ′ i, and a bijection α, from V to V ′ , we denote by G ≃α G′
that α is an isomorphism from G to G′ . This notation is not symmetric in general as G ≃α G′ if and
only if G′ ≃α−1 G. Recall that if G ≃α G′ and G′ ≃β G′′ , then G ≃β◦α G′′ . First we easily check the
following proposition on isomorphic routable graphs:
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Figure 3: Case 2 (b): i ∈ S(G† ) or µ(e) = 0.

Proposition 4. For any two graphs G and G′ routable to destination u and v, respectively, such that
G ≃α G′ and v = α(u), it holds that if set S is applicable to G, then α(S) is applicable to G′ and
S.G ≃α α(S).G′ .
For comparing FR and LR dynamics, we first prove that for any set of sinks S in G† , the graphs
[S].T (G† ) and T (S.G† ) are isomorphic. For that, we introduce some additional notation. Given any
routable graph G† and any node i in G† , we define the permutation of the set of nodes in T (G† ),
denoted τG† ,i , as the identity function if i is a single node, and as just permuting [i] and − [i] if i
is a double node. Obviously, τG† ,i is bijective. Moreover, for any graph G† , any two functions τG† ,i
and τG† ,j commute, and we may thus unambiguously define τG† ,S for a set S of nodes in G† by the
composition of the functions τG† ,i , i in S, irrespective of the order. From this, and since for each i
in S, (τG† ,i )−1 = τG† ,i , we deduce that (τG† ,S )−1 = τG† ,S . Note that τG† ,i depends on G† only in the
partitioning of nodes into single and double nodes. By Theorem 4, this bi-partitioning is constant
during any LR execution. Hence τS.G† ,i = τG† ,i . We begin with the case S is a singleton {i}:
Lemma 1. If i is a sink in G† and τ = τG† ,i , then [i] is applicable to T (G† ) and [i].T (G† ) ≃τ T (i.G† ).
Proof. Clearly, the directed graphs [i].T (G† ) and T (i.G† ) have the same set of nodes. So it remains
to show that for any pair (u, v) of nodes in T (G† ), (u, v) is a link of [i].T (G† ) if and only if (τ (u), τ (v))
is a link of T (i.G† ). In other words, for any pair (u, v) of nodes in T (G† ) and any link e of G† , (u, v)
is in [i].T (e) if and only if (τ (u), τ (v)) is in T (i.e). For that, we consider two cases:
1. Link e is not incident to i. Then, i.e = e and T (i.e) = T (e). Moreover, no link in T (e) is incident
to [i], and so [i].T (e) = T (e). Obviously, (u, v) is in T (e) if and only if (τ (u), τ (v)) is in T (e).
2. Link e is incident to i, i.e., e = (j, i) for some node j in G† . There are two cases to consider.
• i ∈ D(G† ) and e is labeled with 1 in G† . In this case, i.e = (j, i) and i.e is labeled with O
in i.G† . We easily check that T (i.e) and [i].T (e) are as in Figure 2, where the links drawn with
dashed arrows exist only when j ∈ D.
• i ∈ S(G† ) or e is labeled with O in G† . Then, i.e = (i, j) and i.e is labeled with 1 in i.G† . The
sets of links T (i.e) and [i].T (e) are as in Figure 3, where the links drawn with dashed arrows
exist only when their extremities are both in D.
In both cases, we easily check that (u, v) is in [i].T (e) if and only if (τ (u), τ (v)) is in T (i.e).
Lemma 2. If S is a nonempty set of sinks in G† and τ = τG† ,S , then [S] is applicable to T (G† ) and
[S].T (G† ) ≃τ T (S.G† ).
To combine iterations of Lemma 2, let S = (St )1≤t≤k be a sequence of k, k ≥ 1, sets of nodes
applicable to some G† . Let Σ = (Σt )1≤t≤k be the sequence of k sets of nodes in T (G† ) defined by:
Σ1 = [S1 ]


Σt = τG† ,S1 ◦ · · · ◦ τG† ,St−1 ([St ]) ,
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2 ≤ t ≤ k.

(1)

G†0

S1 applicable

/ S .G†
1
0

S2 applicable

/ S .(S .G† )
2
1
0
T



T (S2 .S1 .G†0 )

T

O
O τ
O G† ,S2
O 0

T



T (S1 .G†0 )
O


T (G†0 )

Σ1 =[S1 ] applicable

/

O

O τG† ,S
O 0 1

[S2 ] applicable

/ [S ].T (S .G† )
2
O 1 0
O
O τG† ,S
O 0 1

Σ2 =τ †
([S2 ]) applicable
G ,S1
0
/
†
Σ1 .T (G0 )
Σ2 .Σ1 .T (G†0 )

Figure 4: Relation of the first two iterations in an LR execution and its corresponding FR execution.
Lemma 3. If G† is a link-labeled routable graph, S is a sequence of length k applicable to G† , and
τ = τG† ,S1 ◦ · · · ◦ τG† ,Sk , then Σ is applicable to T (G† ), and Σ.T (G† ) ≃τ T (S.G† ).
The next theorem shows the relation between the LR execution and its corresponding FR execution. Figure 4 depicts this relation for the first two iterations, and it shows how graph isomorphisms
combine in the commutative diagrams involved in this correspondence.
Theorem 5. If G†0 , S1 , . . . , G†k is an LR execution from some initial link-labeled graph G†0 routable
to 0, then there is an FR execution H0 , Σ1 , . . . , Hk from the graph H0 = T (G†0 ) routable to [0], where
each Ht is isomorphic to T (G†t ), and where for each node i in G0 , the steps by [i] and − [i] alternate.
Moreover, H0 , Σ1 , . . . , Hk is a greedy execution if and only if G†0 , S1 , . . . , G†k is a greedy execution.
Proof. Let a partial execution refer to any finite prefix of an execution ending with a graph. Lemma 3
shows that the sequence Σ defined by (1) is applicable to H0 = T (G†0 ), and for each t, 1 ≤ t ≤ k,
Σt . . . . .Σ1 .H0 ≃τt T (St . . . . .S1 .G†0 ) where τt = τG† ,St ◦ · · · ◦ τG† ,S1 . Thus, there are k reorientations of
0
0
H0 , denoted H1 , . . . , Hk , such that H0 , Σ1 , . . . , Hk is a partial FR execution.
Since Ht ≃τt T (G†t ), u is a sink of Ht iff τt (u) is a sink of T (G†t ). By Proposition 3 and the
definition of τG† ,i , for each node i in G†0 , the steps of [i] and − [i] alternate in the partial execution
0

H0 , Σ1 , . . . , Hk , and they correspond to the odd and even steps of node i in G†0 , S1 , . . . , G†k . Moreover,
since the single node 0 is the sole sink of G†k , the directed graph Hk has also a sole sink which is its
destination node [0]. In other words, H0 , Σ1 , . . . , Hk is a (complete) execution.
Finally, the one-to-one correspondence between the sinks in Ht and in T (G†t ), and the definition
of the sets Σt by (1) show that H0 , Σ1 , . . . , Hk is greedy iff G†0 , S1 , . . . , G†k is greedy.

4

The routing failure

From Theorems 2, 3, and 5 we can in principle derive the work and time complexity for LR executions
from any routable link-labeled graph. However, we would like to define a generalization of the chain
potential r for link-labeled graphs which provides simple expressions of the work and time complexity
in terms of the initial link-labeled graph. To do that, we introduce the routing failure of a chain c,
which coincides with r(c) in the FR case, and quantifies the failure for the last node of c to route
information to the destination node along c.
First, we study how any chain in G† is transformed by the mapping T in Definition 1. For that, we
introduce some notation. Let c = i0 , . . . , in be any chain in G† , and let first(c) = i0 and last(c) = in
denote the first and the last node in c, respectively. In the directed graph T (G† ), we consider the
9

sequences of nodes u0 , . . . un in T (G† ) such that for all k, 0 ≤ k ≤ n, uk ∈ {[ik ], − [ik ]}. Clearly, such
sequences are chains in T (G† ). If in is a double node, we denote by T + (c) and T − (c) the sets of such
chains ending in [in ] and − [in ], respectively. Further T (c) = T + (c) ∪ T − (c). Otherwise in is a single
node, T + (c), T − (c), and T (c) are all equal and denote the set of such chains ending in [in ]. Clearly
any chain in T (c) has the same length as c.
The expression of the FR work complexity in Theorem 2 naturally leads us to introduce the
potential ϕ for chains in G†
ϕ(c) = min{r(γ) : γ ∈ T (c)},
and two refinements defined by ϕ+ (c) = min{r(γ) : γ ∈ T + (c)} and ϕ− (c) = min{r(γ) : γ ∈ T − (c)}.
Obviously, ϕ(c) = min {ϕ+ (c), ϕ− (c)} .
Besides, let us recall some notation introduced in [7]. A node i in G† is a O-sink in c, if it occurs
in c between two consecutive links in c which are incoming to i and labeled with O. We denote by
sO (c) the number of O-sinks in c. A link which is labeled with 1 and directed toward the end of the
chain is called a 1-right link, and the number of such links in c is denoted by r 1 (c). Hence in the FR
case r 1 (c) = r(c). Similarly we define O-right links. The residue Res(c) is defined to be 1 if c’s last
link is a O-right link, and otherwise Res(c) = 0. In particular, for a chain c of length 0, Res(c) = 0.
Proposition 5. For any chain c in G† , ϕ(c) = ϕ− (c). In more detail, ϕ+ (c) = ϕ− (c) if last(c) ∈ S,
and ϕ+ (c) = ϕ− (c) + Res(c) if last(c) ∈ D.
Interestingly, the chain potentials ϕ, ϕ+ , and ϕ− admit simple expressions just in terms of the
link-labeled graph G† . To show that, we define the chain potential ̺(c) as:
̺(c) = r 1 (c) + sO (c) + Res(c).
Proposition 6. For any chain c in G† , ̺(c) = ϕ+ (c).
We now define the routing failure Φ(c) by,
(
̺(c)
if last(c) ∈ S,
Φ(c) =
2̺(c) − Res(c) if last(c) ∈ D,
and relate it to the FR potential r in T (G† ), using Propositions 5 and 6.
Theorem 6. For any chain c in G† ,
(
min{r(γ) : γ ∈ T (c)}
Φ(c) =
min{r(γ) : γ ∈ T + (c)} + min{r(γ) : γ ∈ T − (c)}

5

if last(c) ∈ S,
if last(c) ∈ D.

Application

In this section we first give a sufficient condition of the input graph for LR to solve the Routing
problem, and then establish for the first time the exact time complexity.

5.1

The acyclicity issue

As explained in Section 2, in the FR case, one easily observes that if the initial graph is acyclic, it
remains acyclic during the whole FR execution. On the contrary, in the general LR case, acyclicity
of the initial graph is not sufficient to guarantee acyclicity during the LR execution.
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By Theorem 5, we know that each LR execution from a link-labeled routable graph G† is equivalent
to an FR execution from T (G† ); in particular, the two final graphs are isomorphic. Hence, acyclicity
of T (G† ) guarantees acyclicity of the final graph in the LR executions from G† . That leads us to
seach a characterization of the link-labeled graphs that are transformed into acyclic graphs by T .
Theorem 7. Let G† be a link-labeled routable graph. Then the following are equivalent: (i) the graph
T (G† ) is acyclic, and (ii) for any closed chain c in G† , ̺(c) > 0.
One can further show that (ii) is actually equivalent to a simple condition, called (AC), being
satisfied on all circuits (i.e. subgraphs induced by simple closed chains): a circuit satisfies (AC) if it
contains links labeled with 1 in opposite directions, or if it contains a node that is a sink relative
to the circuit where both incoming links are labeled with O. From the definition of (AC), it follows
immediately that condition (ii) implies that (AC) holds in all circuits. Proving the converse direction
is more subtle. This equivalence combined with Theorem 7 reveals (AC) to be the counterpart of
acyclicity for FR. The benefit of (AC) over (ii) is that it allows us to check just simple closed chains
instead of all closed chains.

5.2

Exact complexity of the LR algorithm

We now develop for the first time an exact expression for the time complexity of LR (and thus PR).
To this end, we require an exact expression for the work complexity of each node beforehand. We
note that from Theorems 2 and 5, we derive a new proof that the LR algorithm terminates, i.e., each
node i takes a finite number wi of steps. More precisely, either i is a single node in G† , there is
one corresponding node [i] in the routable graph T (G† ), and wi = w[i] , or else i is a double node, [i]
and − [i] are the two corresponding nodes in T (G† ), and wi = w[i] + w− [i] where w[i] and w− [i] denote
the work by [i] and − [i] in any FR execution from the routable graph T (G† ).
In the case each circuit in the initial link-labeled graph satisfies (AC), we show that wi is equal to
the minimum routing failure of the chains from 0 to i. This work complexity result has already been
established in [7], but the proof here is interesting on its own as it illustrates how to use our reduction
to translate a result previously established for FR, namely Theorem 2, into a general result for LR.
Theorem 8. Let G† be a link-labeled routable graph where all circuits satisfy the (AC) property. In
any LR execution from G† , the number of steps taken by any node i in V ∪ {0} is equal to
wi = min{Φ(c) : c ∈ C(0, i, G† )}.
We use the same technique to generalize Theorem 3 to LR greedy executions. In this way, we
establish a new result, namely the exact time complexity of any LR execution. We only sketch the
correctness arguments here and give the full proof in the appendix.
Theorem 9. Let G† be a link-labeled routable graph. If wi is the work of some node i in G† , then
the termination time θi in the greedy LR execution is 0 if wi = 0, and otherwise
θi = max{λ(c) : c ∈ C(→ i, G† ) ∧ Φ(c) = wi − 1} + 1.
Proof sketch. We consider executions from G† and T (G† ) and use wx and θx for the work and the
termination time of node x in the respective executions as no confusion may arise. One observes
that from Theorem 5 follows that for single nodes wi = w[i] and θi = θ[i] , and for double nodes
wi = w[i] + w− [i] and θi = max{θ[i] , θ− [i] }.
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Figure 5: Chain family with quadratic time complexity of PR.
Using this, we may employ Theorem 3 to relate the time complexity of a node i from G† to the
length of chains in T (G† ). For instance, for a single node we get
θi = max{λ(γ) : γ ∈ C(→ [i], T (G† ) ∧ r(γ) = wi − 1} + 1.
For each chain γ in T (G† ), there exists a chain c in G† such that γ ∈ T (c) and γ and c have the
same length. The potential r of all chains in T (c) may then be related to the routing failure of c by
Theorem 6. This finally yields an expression for the exact time complexity of node i in terms of the
length and the routing failure of chains in G† , as required.
Theorem 9 can be easily specialized to PR: by Theorem 1.d, PR executions are those where all
links are initially labeled with O. We observe that (i) a node other than 0 is a single node if and only
if it is a source or a sink, and (ii) the chain potential ̺(c) of a chain c reduces to s(c) + Res(c), where
s(c) is the number of sinks relative to c.
Corollary 1. If wi is the work of node i in V in executions of Partial Reversal from the initial
routable graph G, then the termination time θi in the greedy execution is 0 if wi = 0, and otherwise



s(c) + Res(c) if i is a source or sink
θi = max λ(c) : c ∈ C(→ i, G) ∧ wi − 1 =
+ 1.
2s(c) + Res(c) otherwise
This sheds new light on the comparison of FR and PR. In [6], we have shown that in trees the
time complexity of FR is linear in the number of nodes (while only a quadratic upper bound was
previously known). Using our transformation, we observe that given an initial labeled tree G† , the
transformed graph T (G† ) is in general not a tree, which indicates that the time complexity of PR
on trees may be nonlinear. Indeed, based on Corollary 1, one can design a family of chain graphs in
which the time complexity of PR is quadratic in the number of nodes (cf. Figure 5). Hence, when
considering time instead of work, we arrive at the conclusion opposite to [8] that PR is not better
than FR. In other words, FR allows more concurrency than PR, thus possibly compensating nodes
for work overload.

6

Conclusions

In a companion paper [6], we showed that the dynamic behavior of Full Reversal (FR) from a directed
graph G can be captured by a linear dynamical min-plus system of order equal to the number of nodes
in G. It can be easily shown that unlike FR, the dynamic behavior of Partial Reversal (PR) cannot in
general be described by such a system of the same order. This paper therefore tackles the complexity
of LR by a different approach, namely by reduction to FR. In this way we reveal that FR is in fact
the paradigm in the link reversal algorithmic scheme.
The transformation approach laid out in this paper proved to be very efficient from a technical
viewpoint. First, we were able to establish a condition on the link-labeled graph that exactly corresponds to acyclicity for FR; a condition that is central to the link reversal approach. This legitimates
a posteriori a magic invariant from [7] in a constructive way. In addition, we were able to develop
the exact work, and — for the first time — time complexity in terms of the initial labeled graph by
using properties of the transformation.
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Finally, the reduction also works in applications of link reversal where there is no destination
node. For instance in [2] resource allocation was studied for FR, and various properties of correctness
and concurrency were established. Our results allow extension of these results to LR.
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A
A.1

Appendix
Proofs of Section 3

An important property of the LR algorithm is, that it is delay-insensitive in the sense that the
directed graph generated by the algorithm depends on the routable input graph only, and not on the
order in which nodes take steps. This property can be easily proved with the following property that
we require to prove Lemma 2.
Proposition 7. If S be any subset of the sinks in G† , and S1 and S2 are non-empty subsets of S
that partition S, then S1 is applicable to S2 .G† , S2 is applicable to S1 .G† , and
S.G† = S1 .(S2 .G† ) = S2 .(S1 .G† ).
Lemma 2. If S is a nonempty set of sinks in G† and τ = τG† ,S , then [S] is applicable to T (G† ) and
[S].T (G† ) ≃τ T (S.G† ).
Proof. The proof is by induction on the cardinality of S.
Base: |S| = 1. Since S is a singleton, the lemma follows from Lemma 1.
Inductive step: Assume that S has cardinality k ≥ 2, and assume that the lemma holds for any set of
sinks in G† of cardinality k − 1. Choose an arbitrary i from S and let S ′ = S \ {i}. By Proposition 3,
[S] is a set of sinks in T (G† ), and by Proposition 7, we obtain
[S].T (G† ) = [i].([S ′ ].T (G† )).
By induction hypothesis, [S ′ ].T (G† ) ≃τG† ,S ′ T (S ′ .G† ). Since [i] is not in [S ′ ], [i] is fixed point of τG† ,S ′ ,
and by Proposition 4,
[i].([S ′ ].T (G† )) ≃τG† ,S ′ [i].(T (S ′ .G† )).
From Lemma 1, we derive
[i].(T (S ′ .G† )) ≃τS ′ .G† ,i T (i.(S ′ .G† )).
By Proposition 7,
T (i.(S ′ .G† )) = T (S.G† ).
Since τS ′ .G† ,i = τG† ,i and τG† ,S = τG† ,i ◦ τG† ,S ′ , the lemma follows.
Lemma 3. If G† is a link-labeled routable graph, S is a sequence of length k applicable to G† , and
τ = τG† ,S1 ◦ · · · ◦ τG† ,Sk , then Σ is applicable to T (G† ), and Σ.T (G† ) ≃τ T (S.G† ).
Proof. First note that τ −1 = τ , and therefore Σ.T (G† ) ≃τ T (S.G† ) if and only if T (S.G† ) ≃τ
Σ.T (G† ). The proof of the lemma is by induction on the length k of S.
Base: k = 1. Since S comprises a single set, the lemma follows from Lemma 2.
Inductive step: Assume as induction hypothesis that the lemma holds for any applicable sequence
with length up to k − 1 ≥ 1. We abbreviate
τ ′ = τG† ,S1 ◦ · · · ◦ τG† ,Sk−1

and
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and Σ′ is the sequence of length k − 1 defined from S′ by (1). Hence, Σk = τ ′ ([Sk ]). Moreover, Σ′ is
the prefix of Σ of length k − 1, i.e., for any index t, 1 ≤ t ≤ k − 1, we have Σ′t = Σt .
Since S is applicable to G† , Sk is applicable to S′ .G† . From Lemma 2 then follows that [Sk ] is
applicable to T (S′ .G† ) and
[Sk ].T (S′ .G† ) ≃τG† ,S T (S.G† )
k

since τS′ .G† ,Sk = τG† ,Sk and Sk

.S′ .G†

=

S.G† .

With (τG† ,Sk )−1 = τG† ,Sk we further obtain

T (S.G† ) ≃τG† ,S [Sk ].T (S′ .G† ).

(2)

k

Moreover by the induction hypothesis, Σ′ is applicable to T (G† ), and
T (S′ .G† ) ≃τ ′ Σ′ .T (G† ).

(3)

By Proposition 4, we deduce from (3) that τ ′ ([Sk ]) = Σk is applicable to Σ′ .T (G† ), and
[Sk ].T (S′ .G† ) ≃τ ′ Σk .Σ′ .T (G† ).

(4)

Since Σk .Σ′ .T (G† ) = Σ.T (G† ), (4) shows Σ is applicable to T (G† ), and
[Sk ].T (S′ .G† ) ≃τ ′ Σ.T (G† ).

(5)

Composing (2) and (5), we deduce that Σ.T (G† ) ≃τ T (S.G† ), as τ = τ ′ ◦ τG† ,Sk .

A.2

Proofs of Section 4

Proposition 5. For any chain c in G† , ϕ(c) = ϕ− (c). In more detail, ϕ+ (c) = ϕ− (c) if last(c) ∈ S,
and ϕ+ (c) = ϕ− (c) + Res(c) if last(c) ∈ D.
Proof. The proof is by induction on the length n of the chain c.
Base: n = 0. For any chain c of length 0, it holds that ϕ+ (c) = ϕ− (c) = 0, and the base case follows.
Inductive step: We consider some chain c = i0 , i1 , . . . in in G† , and its prefix c′ = i0 , . . . in−1 . We
assume that the lemma holds for c′ . There are two cases to consider.
1. Node in is a single node. By definition of ϕ+ and ϕ− , we immediately obtain ϕ+ (c) = ϕ− (c).
2. Node in is a double node. Then we proceed by exhaustive examination of the four possible cases
for the last labeled-link of c. Let e denote this link, namely e = (in−1 , in ) or e = (in , in−1 ).
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(a) e = (in−1 , in ), and e is labeled with O (Figure 6). By definition of ϕ+ ,

ϕ+ (c) = min ϕ+ (c′ ) + 1, ϕ− (c′ ) + 1

regardless of in−1 being a single or a double node. From the inductive hypothesis then
follows that
ϕ+ (c) = ϕ+ (c′ ) + 1.

Similarly, ϕ− (c) = min {ϕ+ (c′ ), ϕ− (c′ )} regardless of in−1 being a single or a double node,
and so
ϕ− (c) = ϕ+ (c′ ).
Therefore, ϕ+ (c) = ϕ− (c) + 1, and as Res(c) = 1, the proposition follows for c.
(b) Otherwise, e = (in−1 , in ) is labeled with 1, or e = (in , in−1 ). That corresponds to the three
cases in Figures 7, 8, and 9, respectively. We observe that [in ] and − [in ] play identical
roles in T (e), and so ϕ− (c) = ϕ+ (c), regardless of in−1 being a single or a double node.
Moreover, in the three cases, Res(c) = 0, and therefore the proposition holds for c in each
of these three cases.
The proposition holds in all cases.
Proposition 6. For any chain c in G† , ̺(c) = ϕ+ (c).
+
Before giving the proof, we introduce two refinements of ϕ+ , denoted by ϕ+
+ and ϕ− :
(
ϕ+ (c)
if first(c) ∈ S,
(c)
=
ϕ+
+
+
min{r(γ) : γ ∈ T (c) ∧ first(γ) = [first(c)]} if first(c) ∈ D,

and

(
ϕ+ (c)
if first(c) ∈ S,
(c)
=
ϕ+
−
+
−
min{r(γ) : γ ∈ T (c) ∧ first(γ) = [first(c)]} if first(c) ∈ D.

Obviously, for any chain c in G† it holds that

+
ϕ+ (c) = min ϕ+
+ (c), ϕ− (c) .

A proof similar to the one of Proposition 5 shows the following relation between the chain poten+
tials ϕ+
− and ϕ+ .
−1 is the reverse chain
Proposition 8. For any chain c in G† , ϕ+ (c) = ϕ+
+ (c). In more detail, if c
of c, then
(
if first(c) ∈ S,
ϕ+
− (c)
ϕ+
+ (c) =
+
−1
ϕ− (c) − Res(c ) if first(c) ∈ D.

In the particular FR case, every node is a single node, and the routing failure of a chain c is equal
to the number of its right links r(c). We proceed by showing Proposition 6, that is, that the two
chain potentials ϕ+ and ̺ actually coincide:
Proof of Proposition 6. If the chain c has length 0, then it holds that ̺(c) = 0 and ϕ+ (c) = 0, and
the proposition follows in this case. Otherwise, that is, if the length is greater than 0 we proceed by
induction on the length n of the chain c.
Base case: n = 1. There are two cases to consider.
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1. (i0 , i1 ) is a link in G† . If its label is O, then sO (c) = r 1 (c) = 0, and Res(c) = 1. Otherwise,
its label is 1, sO (c) = Res(c) = 0, and r 1 (c) = 1. In both cases, we get ̺(c) = 1. Further,
ϕ+ (c) = 1.
2. (i1 , i0 ) is a link in G† . We easily check that ̺(c) = 0 and ϕ+ (c) = 0.
The base case n = 1 then follows.
Inductive step: We consider some chain c = i0 , i1 , . . . in in G† with length n ≥ 2, and its suffix
c′ = i1 , . . . in . We assume that ̺(c′ ) = ϕ+ (c′ ). By Proposition 8, we know that
+
′
+
ϕ+ (c′ ) = ϕ+
+ (c ), and ϕ (c) = ϕ+ (c).

Then we proceed by exhaustive examination with the following four cases.
1. (i0 , i1 ) is a O-link in G† , and i1 is a single node (Figure 6 with n = 1). We easily check that
+ ′
ϕ+
+ (c) = ϕ+ (c ) + 1. Consequently,
ϕ+ (c) = ϕ+ (c′ ) + 1.
Since i1 is a single node and has at least one incoming link labeled with O, i1 is actually a sink,
and all its incident links are labeled with O. By definition of ̺,
̺(c) = ̺(c′ ) + 1.
By inductive hypothesis, it follows that ̺(c) = ϕ+ (c).
2. (i0 , i1 ) is a O-link in G† , and i1 is a double node (Figure 6 with n = 1). By definition of ϕ+
+ , we
have
 + ′
+ ′
ϕ+
+ (c) = min ϕ+ (c ) + 1, ϕ− (c ) .
There are two subcases to consider.

′
(a) (i2 , i1 ) is a O-link in G† . Since Res((c′ )−1 ) = 1, Proposition 8 implies that ϕ+
− (c ) =
+ ′
ϕ+ (c ) + 1. Consequently,
ϕ+ (c) = ϕ+ (c′ ) + 1.

Moreover by definition of ̺,
̺(c) = ̺(c′ ) + 1.
By inductive hypothesis, it follows that ̺(c) = ϕ+ (c).
′
(b) (i2 , i1 ) is not a O-link in G† . In this case, Res((c′ )−1 ) = 0, and by Proposition 8, ϕ+
− (c ) =
+
′
ϕ (c ). Consequently,
ϕ+ (c) = ϕ+ (c′ ).
By definition of ̺,
̺(c) = ̺(c′ ).
By inductive hypothesis, it follows that ̺(c) = ϕ+ (c).
+
3. (i0 , i1 ) is a 1-link in G† (Figure 7 with n = 1). By definition of ϕ+
+ , we have ϕ+ (c) =
+ ′
+ ′
min ϕ+ (c ), ϕ− (c ) + 1, regardless of i1 being a single or a double node. Therefore, Proposi+ ′
tion 8 implies that ϕ+
+ (c) = ϕ+ (c ) + 1, and so

ϕ+ (c) = ϕ+ (c′ ) + 1.

By definition of ̺,
̺(c) = ̺(c′ ) + 1.
By inductive hypothesis, it follows that ̺(c) = ϕ+ (c).
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†
4. (i1 , i0 ) is a link
8 and 9 with n = 1). By definition of ϕ+
+ , we verify that
 +in ′ G +(Figures
+
′
ϕ+ (c) = min ϕ+ (c ), ϕ− (c ) , regardless of i1 being a single or a double node. Proposition 8
+ ′
implies that ϕ+
+ (c) = ϕ+ (c ), and so

ϕ+ (c) = ϕ+ (c′ ).
By definition of ̺,
̺(c) = ̺(c′ ).
By inductive hypothesis, it follows that ̺(c) = ϕ+ (c).

Theorem 6. For any chain c in G† ,
(
min{r(γ) : γ ∈ T (c)}
Φ(c) =
min{r(γ) : γ ∈ T + (c)} + min{r(γ) : γ ∈ T − (c)}

if last(c) ∈ S,
if last(c) ∈ D.

Proof. If the last node in c is a single node, then by definition of Φ we have Φ(c) = ̺(c). The theorem
immediately follows from Propositions 5 and 6.
Otherwise the last node in c is a double node, and Φ(c) = 2̺(c) − Res(c). From Propositions 5
and 6 follows that ̺(c) = ϕ+ (c), and ̺(c) = ϕ− (c) + Res(c). Hence, Φ(c) = ϕ+ (c) + ϕ− (c), as
needed.

A.3

Proofs of Section 5

Theorem 7. Let G† be a link-labeled routable graph. Then the following are equivalent: (i) the
graph T (G† ) is acyclic, and (ii) for any (closed) chain c in cl(G† ), ̺(c) > 0.
Proof. From (i) follows (ii): assume that T (G† ) is acyclic. Consider an arbitrary closed chain c =
i0 , i1 , . . . , ik in G† . By the acyclicity of T (G† ), each chain γ in T (c) with first(γ) = last(γ) = [i0 ]
must have at least one right link in it. Thus ϕ+
+ (c) > 0 holds. Since further by Proposition 8 and
+
+
Proposition 6 it holds that ̺(c) = ϕ (c) = ϕ+ (c), we deduce that ̺(c) > 0. The implication follows.
From (ii) follows (i): assume the potential ̺ of each closed chain is greater than 0. Further assume
by means of contradiction that T (G† ) is cyclic, and thus there exists a closed chain γ = u0 , u1 , . . . , un
in T (G† ) with r(γ) = 0. By construction of T (G† ), there exists a closed chain c = i0 , i1 , . . . , in in G†
with γ in T (c).
We next construct a chain d = j0 , j1 , . . . , jn that is a permutation of chain c which has Res equal
to 0: choose an index k, 0 ≤ k ≤ n, such that for each ℓ, 0 ≤ ℓ ≤ n, it holds that jℓ = iℓ+k mod (n+1)
and Res(d) = 0. Such a k, and therefore d, must exist: if not, c would be a sequence of nodes with
only O-right links, a contradiction to the hypothesis that ̺(c) > 0 and ̺(c−1 ) > 0.
Since d was generated by rotating c, chain d is a closed chain in G† . It follows from the hypothesis
that ̺(d) > 0.
Further, there is a closed chain δ in T (d) which can be generated by rotating γ. By construction,
r(δ) = r(γ). By the hypothesis, r(γ) = 0, and thus it follows that r(δ) = 0. By definition of
ϕ, it follows from r(δ) = 0 that ϕ(d) = 0. Since Res(d) = 0, we derive from Proposition 5 that
ϕ+ (d) = ϕ− (d) = ϕ(d) = 0. From Proposition 6, we conclude that the closed chain d satisfies
̺(d) = 0, a contradiction. The implication follows.
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Theorem 8. Let G† be a link-labeled routable graph where all circuits satisfy the (AC) property. In
any LR execution from G† , the number of steps taken by any node i in V ∪ {0} is equal to
wi = min{Φ(c) : c ∈ C(0, i, G† )}.

Proof. Let H = T (G† ) be the directed graph defined from G† . Since all circuits in G† satisfy (AC), by
Theorem 7, H is acyclic, and so the expression of the work complexity given by Theorem 2 holds in
any FR execution from H. We consider any LR execution from G† and the equivalent FR execution
from H given by Theorem 5. For both executions, we use the notation wx for the work by node x as
no confusion may arise. Let i be any node of G† . There are two cases to consider.
1. Node i is a single node in G† . Hence, wi = w[i] . By Theorem 2, we obtain
w[i] = min{r(γ) : γ ∈ C([0], [i], H)}.
By definition of the graph H,
{γ : γ ∈ C([0], [i], H)} =

[

T (c).

c∈C(0,i,G† )

Using Theorem 6, we easily check that min{Φ(c) : c ∈ C(0, i, G† )} = min{r(γ) : γ ∈ C([0], [i], H)}, and
the formulas for wi immediately follows in the case i is a single node.
2. Node i is a double node in G† . Then, wi = w[i] + w− [i] . By Theorem 2, we have
w[i]
= min{r(γ) : γ ∈ C([0], [i], H)}
w− [i] = min{r(γ) : γ ∈ C([0], − [i], H)}.
Thanks to the decomposition
{γ : γ ∈ C([0], [i], H)} =

[

T + (c)

c∈C(0,i,G† )

and Theorem 6, we easily check that
w[i] = min{ϕ+ (c) : c ∈ C(0, i, G† )}.

(6)

w− [i] = min{ϕ− (c) : c ∈ C(0, i, G† )}.

(7)

Similarly, we show that
It follows that wi ≤ min{Φ(c) : c ∈ C(0, i, G† )}.
From Proposition 5, we derive that w− [i] ≤ w[i] ≤ w− [i] + 1, as the residue of any chain is equal
to 0 or 1. Thereby, w[i] = w− [i] or w[i] = w− [i] + 1. We now consider the following two subcases:
• w[i] = w− [i] . Hence, wi = 2w[i] . By (6), there is a chain c0 in C(0, i, G† ) such that wi = 2ϕ+ (c0 ).
Moreover by Proposition 6 and the definition of Φ(c0 ), 2ϕ+ (c0 ) ≥ Φ(c0 ), as the residue of c0 is
equal to 0 or 1. It follows that wi ≥ Φ(c0 ).
• w[i] = w− [i] + 1. Hence, wi = 2w− [i] + 1. By (7), there is a chain c1 in C(0, i, G† ) such that
wi = 2ϕ− (c1 ) + 1. Moreover by Propositions 5 and 6 and the definition of Φ(c1 ), 2ϕ− (c1 ) + 1 ≥
Φ(c1 ), as the residue of c1 is equal to 0 or 1. It follows that wi ≥ Φ(c1 ).
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In both cases, we can conclude that wi ≥ min{Φ(c) : c ∈ C(0, i, G† )}, and the theorem follows in the
case i is a double node.
Theorem 9. Let G† be a link-labeled routable graph. If wi is the work of some node i in V from the
initial link-labeled routable graph G† , then the termination time θi in the greedy LR execution is 0 if
wi = 0, and otherwise
θi = max{λ(c) : c ∈ C(→ i, G† ) ∧ Φ(c) = wi − 1} + 1.
For that, we first prove that the chain potential ̺ is not bounded, and satisfies some property of
intermediate values.
Lemma 4. For any chain c in G† , and any integer k, k ≥ ̺(c), there exists a chain c′ in G† such
that c is a suffix of c′ , and ̺(c′ ) = k.
Proof. By definition of ̺ in G† , we first observe that it suffices to prove the lemma when c is a chain
in G† . The proof is by induction on k.
Base: k = ̺(c). We choose c′ = c, and so the base case immediately follows.
Inductive step: We assume that the lemma holds for k ≥ ̺(c), and so there is a chain c̃ such that c
is a suffix of c̃ = i0 , i1 , . . . in , and ̺(c̃) = k. There are two cases to consider.
1. λ(c̃) = 0. Then k = 0, and c̃ = c = i0 . There are two subcases to consider.
(a) Node i0 is a source. Let i denote any of i0 ’s neighbors, and let c′ = i0 , i, i0 . Then ̺(c′ ) = 1.
(b) Otherwise i0 is not a source, and so i0 has at least one incoming neighbor. Let i denote
any of i0 ’s incoming neighbors, and let c′ = i, i0 . Then ̺(c′ ) = 1.
The lemma thus follows in the case λ(c̃) = 0.
2. λ(c̃) ≥ 1. Let e denote the first labeled link of c̃, namely e = (i0 , i1 ) or e = (i1 , i0 ).
(a) e = (i1 , i0 ). Then let c′ = i1 ; c̃. We easily check that ̺(c′ ) = ̺(c̃) + 1 regardless e being
labeled with O or with 1.
(b) e = (i0 , i1 ). By considering c̃′ = i1 ; c̃, we go to the previous case since ̺(c̃′ ) = ̺(c̃).

We can now prove the theorem:
Proof of Theorem 9. Let H = T (G† ) be the directed graph defined from G† in Definition 1. We consider the LR greedy execution from G† and the equivalent FR execution from H given by Theorem 5
which is also a greedy execution. For both executions, we use the notation wx and θx for the work
and the termination time of node x as no confusion may arise.
Let i be any node in G† . If wi = 0, then i takes no step, and so θi = 0. Otherwise we have to
consider two cases.
1. Node i is a single node in G† . From Theorem 5, we derive that
wi = w[i] and θi = θ[i] .
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We may apply Theorem 3 and obtain
θi = max{λ(γ) : γ ∈ C(→ [i], H) ∧ r(γ) = wi − 1} + 1.
Let γ0 be a chain in C(→ [i], H) such that
r(γ0 ) = wi − 1 and λ(γ0 ) = θi − 1.
By definition of the graph transformation T , the chain γ0 belongs to some set T (c0 ), where c0 is a
chain in C(→ i, G† ). Since γ0 ∈ T (c0 ), λ(c0 ) = λ(γ0 ), and ϕ(c0 ) ≤ r(γ0 ). By Theorem 6, we deduce
that Φ(c0 ) ≤ r(γ0 ). Since c0 ends with a single node, Φ(c0 ) = ̺(c0 ). By Lemma 4, there exists a
chain c′0 in G† such that c0 is a suffix of c′0 , and ̺(c′0 ) = r(γ0 ). It follows that c′0 is in C(→ i, G† ),
λ(c′0 ) ≥ λ(γ0 ), and Φ(c′0 ) = wi − 1. Thereby, the set {c ∈ C(→ i, G† ) : Φ(c) = wi − 1} is non empty,
and
θi ≤ max{λ(c) : c ∈ C(→ i, G† ) ∧ Φ(c) = wi − 1} + 1.
Conversely, since {c ∈ C(→ i, G† ) : Φ(c) = wi −1} is non empty, there exits a chain c1 in C(→ i, G† )
such that Φ(c1 ) = wi − 1, and
λ(c1 ) = max{λ(c) : c ∈ C(→ i, G† ) ∧ Φ(c) = wi − 1}.
By Theorem 6, there is a chain γ1 in T (c1 ) such that r(γ1 ) = Φ(c1 ). By definition of the graph
transformation T , the chain γ1 is in C(→ [i], H), and λ(γ1 ) = λ(c1 ). It follows that
λ(c1 ) ≤ max{λ(γ) : γ ∈ C(→ [i], H) ∧ r(γ) = wi − 1},
and so
max{λ(c) : c ∈ C(→ i, G† ) ∧ Φ(c) = wi − 1} ≤ θi − 1.
2. Node i is a double node. From Theorem 5, we derive that
wi = w[i] + w− [i] and θi = max{θ[i] , θ− [i] }.
In more details, either wi is odd, and for some integer k,
wi = 2k + 1, w[i] = k + 1, w− [i] = k, θi = θ[i] , and θ[i] > θ− [i] ,
or wi is even, and for some integer k,
wi = 2k, w[i] = w− [i] = k, θi = θ− [i] , and θ− [i] > θ[i] .
The two above cases are similar, and so we only give the proof when wi is odd.
Suppose that wi = 2k + 1 for some integer k. We may apply Theorem 3 and obtain
θi = max{λ(γ) : γ ∈ C(→ [i], H) ∧ r(γ) = k} + 1.
Let γ0 be a chain in C(→ [i], H) such that
r(γ0 ) = k and λ(γ0 ) = θi − 1.
By definition of the graph transformation T , the chain γ0 belongs to some set T + (c0 ), where c0 is
a chain in C(→ i, G† ). Since γ0 ∈ T + (c0 ), λ(c0 ) = λ(γ0 ), and ϕ+ (c0 ) ≤ r(γ0 ). By Proposition 6,
we deduce that ̺(c0 ) ≤ r(γ0 ). By Lemma 4, there exists a chain c′0 in G† such that c0 is a suffix
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of c′0 , and ̺(c′0 ) = r(γ0 ). It follows that c′0 is in C(→ i, G† ), λ(c′0 ) ≥ λ(γ0 ), and ϕ+ (c′0 ) = k. Then
ϕ− (c′0 ) = k − 1 or ϕ− (c′0 ) = k.
Now we show that ϕ− (c′0 ) is necessarily equal to k. Suppose for contradiction that ϕ− (c′0 ) = k − 1.
By definition of ϕ− (c′0 ), there exists a chain γ0′ in T − (c′0 ) such that r(γ0′ ) = k − 1. Therefore, we have
r(γ0′ ) = k − 1 and λ(γ0′ ) = λ(c′0 ).
Since λ(c′0 ) ≥ λ(γ0 ) and λ(γ0 ) = θi − 1, we conclude that
max{λ(γ) : γ ∈ C(→ − [i], H) ∧ r(γ) = k − 1} ≥ θi − 1
which by Theorem 3, is in contradiction with θi > θ− [i] .
Hence, ϕ− (c′0 ) = k and so Φ(c′0 ) = 2k. Thereby, the set {c ∈ C(→ i, G† ) : Φ(c) = wi − 1} is non
empty, and since λ(c′0 ) ≥ λ(γ0 ) = θi − 1
θi ≤ max{λ(c) : c ∈ C(→ i, G† ) ∧ Φ(c) = wi − 1} + 1.
Conversely, since {c ∈ C(→ i, G† ) : Φ(c) = wi −1} is non empty, there exits a chain c1 in C(→ i, G† )
such that Φ(c1 ) = 2k, and
λ(c1 ) = max{λ(c) : c ∈ C(→ i, G† ) ∧ Φ(c) = 2k}.
By Theorem 6, Φ(c1 ) = 2ϕ+ (c1 ) − Res(c1 ). Since Res(c1 ) = 0 or 1 and Φ(c1 ) is even, it follows that
Res(c1 ) is actually null, and ϕ+ (c1 ) = k. Hence, there is a chain γ1 in T + (c1 ) such that r(γ1 ) = k.
By definition of T + (c1 ), λ(γ1 ) = λ(c1 ). It follows that
λ(c1 ) ≤ max{λ(γ) : γ ∈ C(→ [i], H) ∧ r(γ) = k},
and so
max{λ(c) : c ∈ C(→ i, G† ) ∧ Φ(c) = wi − 1} ≤ θi − 1.
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