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Abstract. Non-functional system properties such as CPU and memory
utilization as well as power consumption are usually non-compositional.
However, such properties can be made compositional by isolating indi-
vidual system components through over-provisioning. The challenge is
to relate the involved isolation cost and the resulting isolation quality
properly. We study the compositionality of power consumption and in-
troduce the concept of power isolation for EDF-scheduled hard real-time
systems running periodic software tasks. A task is power-isolated if there
exist lower and upper bounds on its power consumption independent of
any other concurrently running tasks. The main challenges in providing
power isolation are to find a relationship between the power consumption
of a system and the contribution of a single task to this power consump-
tion as well as understanding the trade-off between quality and cost of
power isolation. We present lower and upper bounds on the power con-
sumption of a task as functions of task utilization, frequency scaling, and
power model. Furthermore, we discuss the variance between lower and
upper bounds (quality) and the power consumption overhead (cost) of
power isolation.

1 Introduction

Non-functional properties of software systems such as CPU and memory uti-
lization as well as power consumption are non-compositional: they typically do
not follow from individual components such as periodic software tasks due to the
non-linear characteristics of hardware. Constructing large-scale software systems
with respect to non-functional correctness is therefore difficult. However, non-
functional properties can generally be made compositional by isolating individual
components through over-provisioning with lower and upper bounds. The chal-
lenge is to relate the involved isolation cost and the resulting isolation quality
properly. Compositional scheduling [1], [2] is a prominent example. In this paper,
we are interested in studying the compositionality of power consumption, which
is another example of a non-functional property with significant importance in
the embedded and non-embedded computing world.

⋆ This work has been supported by the EU ArtistDesign Network of Excellence on Em-
bedded Systems Design, the National Research Network RiSE on Rigorous Systems
Engineering (Austrian Science Fund S11404-N23), and an Elise Richter Fellowship
(Austrian Science Fund V00125).



Compositionality for system properties such as CPU and memory utilization
is achieved through temporal and spatial isolation. Spatial isolation refers to con-
fining tasks to their own memory regions. Temporal isolation refers to techniques
that prohibit tasks from altering the temporal behavior of other tasks. We aim
at studying compositionality of power consumption by isolating software tasks
in terms of their individual power consumption. In particular, we provide lower
and upper bounds on the power consumption of individual tasks independently
of any other concurrently running tasks. The quality of power isolation is then
given by the variance of per-task lower and upper power consumption bounds.
The cost of power isolation appears as additional power consumed for providing
different levels of power isolation quality.

Using earliest-deadline-first (EDF) [3] scheduling in power-aware systems we
show that the power consumption of tasks can be bounded and thus isolated
from other tasks while still maintaining the relevant real-time behavior of all
tasks. We also show that there is a trade-off between the quality and the cost
of power isolation. Depending on the system and task properties, the penalty
for improved quality of isolation, i.e., less variance between lower and upper
power consumption bounds, is higher overall power consumption while tasks
with certain properties can be isolated accurately without too much overall power
consumption overhead.

Many scheduling concepts that ensure temporal isolation, like CBS [4] and
VBS [5], [6], use EDF scheduling as the basic decision mechanism. The results
presented in this paper may therefore be applied to such techniques eventually
enabling systems that provide full isolation in terms of time, space, and power.

We begin by presenting the task and power models that we study (Section 2).
We then discuss the quality of power isolation with different system settings
(Section 3) and address the cost of power isolation in Section 4. We present
related work in Section 5 and conclude the paper in Section 6.

2 Task and Power Model

We consider the problem of power isolation in hard real-time systems using
the periodic task model described by Liu and Layland [3]. We describe the
task model similar to the description in [7]. Let Γ = {τi | 1 ≤ i ≤ n} be
a set of n tasks with periodic activation. Each task τi is defined by a tuple
(Ci, Ti, Di), where Ci represents the computation time, Ti is the period, and
Di is the relative deadline of task τi. For simplicity we assume that Di = Ti.
Furthermore, each task τi produces an unbounded sequence of instances (also
called jobs) τi,k, k = 1, 2, . . . . As described in [7], each instance τi,k has a release
time ri,k = φi + (k − 1)Ti, where φi is the phase of the task τi, and an absolute
deadline di,k = ri,k + Di. The release time represents the time at which a job
can be considered for scheduling and the absolute deadline represents the time
at which the job must complete its workload of Ci time units. In this paper,
we assume that there is no dependence between tasks, that the system allows
preemption, and that the phase φi of each task τi is zero, i.e., the jobs τi,1 are



released at time zero (ri,1 = 0). The utilization Ui of a task τi is given by

Ui =
Ci

Ti

and the total utilization of the tasks in the set Γ is U =
∑n

i=1 Ui. The jobs
are scheduled using the preemptive earliest deadline first (EDF) [3] algorithm, a
well-known optimal dynamic scheduling algorithm in which, at each time instant,
the job that has the nearest absolute deadline is assigned to run on the CPU.
In [3] the authors present a simple necessary and sufficient condition for the task
set Γ to be schedulable under EDF, namely, if U ≤ 1 then the set of n periodic
tasks is schedulable by the EDF algorithm such that each job τi,k finishes its
execution before its deadline di,k.

Current processors have the ability to change the frequency and voltage at
which they operate dynamically and thus reduce power consumption [8], [9]. The
main method employed to make use of this processor characteristic is dynamic
voltage and frequency scaling (DVFS) [10]. In this paper we concentrate on the
CPU energy consumption of a system which allows DVFS and do not analyze the
energy consumption of other system components, like I/O devices. In [10] a sim-
ple DVFS mechanism for EDF-scheduled real-time systems has been proposed.
The mechanism builds upon the assumption that scaling the CPU operating fre-
quency by a factor κ ∈ (0, 1) will cause the execution time (but not the deadline
and period) of a task to be scaled by a factor 1/κ [11], [10].

Note that this assumption depends on the particularities of the task. When-
ever memory operations are involved the execution time does not scale with the
frequency [12], [13], [14], and thus more accurate power-consumption models [8]
or workload dissection [12] may be required.

The main result of [10] is that a set of periodic tasks remains schedulable
if the system is scaled with a frequency scaling factor κ = U . Moreover, if the
system is scaled to any frequency f > κ · fmax, where fmax is the maximum
available frequency, the system remains schedulable.

We take the power consumption characterization described in [15]. If the
CPU is scaled to frequency f , the power consumption function of the CPU is

p(f) = c0 + c1f
ω, (1)

where ω ≥ 2 is a constant, and the constants c0 and c1 represent the power con-
sumption of the CPU in idle mode and at maximum frequency, respectively [15].
For all figures in this paper we use the power consumption function of an Intel
XScale platform described in [16], [17], namely p(f) = 1520fω+80 mWatt, with
ω ≥ 2.

Since in an EDF-scheduled system we can scale the frequency at the begin-
ning using the scaling factor κ = U [10] (in the case of an ideal system with
a continuous set of available frequencies), the energy consumption in an inter-
val [t0, t1) depends only on the sum of the utilizations of the tasks (U). The



consumed CPU energy in an interval [t0, t1) is

∫ t1

t0

p(U · fmax)dt.

We further discuss the quality and cost of power isolation in EDF-scheduled
systems using the presented task and power model.

3 Quality of Power Isolation

In this section we start from the case when there are only two available fre-
quencies, i.e., the processor is either in idle mode or running at the maximum
frequency available. We then look at systems with a continuous set of available
frequencies and at systems with multiple discrete frequency levels. In each case
we provide upper and lower bounds for the CPU energy consumption of a task τi
in the considered interval [t0, t1) independently of the other tasks in the system.
We choose the interval [t0, t1) to represent the hyper-period of the periods of all
tasks. Since we consider a time interval we will henceforth talk about CPU en-
ergy consumption. The average power consumption can be described by dividing
the CPU energy consumption by the length of the considered time interval. We
work with discrete time, i.e., the set of natural numbers N is the time-line.

We look at the CPU energy consumption of a system with total task uti-
lization U =

∑n
i=1 Ui running at frequency κ ≥ U in the interval [t0, t1). In the

considered interval the processor switches the frequency from κfmax when some
task is running to 0 when no task is running. The CPU energy consumption over
[t0, t1) is

tidlec0 + trunning(c0 + c1(κfmax)
ω),

where tidle is the total time the processor is idle and trunning is the total time
some task is running, tidle + trunning = t1 − t0.

Since tidlec0 + trunningc0 = (t1 − t0)c0, we can simplify the CPU energy
consumption in the interval to

(t1 − t0)c0 + trunningc1(κfmax)
ω.

The base energy consumption Ebase is the CPU energy consumption that is
independent of the utilization of the tasks and is expressed as follows,

Ebase = (t1 − t0)c0.

Since the base CPU energy consumption does not depend on the utilization of
the task set, we do not consider it in the discussion from this point on.

As elaborated in [10], if the frequency is scaled with the scaling factor κ, the

computation time of all tasks will be scaled with factor
1

κ
. The total time some

task runs in the considered interval can be written as

trunning = (t1 − t0)

n∑

i=1

Ci

κTi
= (t1 − t0)

U

κ
.



We write the CPU energy consumption of the system in the considered time
interval as

E(κ, U) = (t1 − t0)c1
U

k
(κfmax)

ω. (2)

3.1 Two frequency levels

We first assume a system where there are only two possible discrete frequency
levels, namely 0 and fmax. In this case we show that the CPU energy consump-
tion of the periodic tasks in the system is compositional, namely, the CPU energy
consumption of a single task τi with utilization Ui =

Ci

Ti
is directly proportional

to its utilization.
If there are only two frequency levels, the processor is scaled to the maximum

frequency fmax when some task is running and to 0 when no task is running.
Using Equation 2 we write the CPU energy consumption in the interval [t0, t1)
as

E(1, U) = (t1 − t0)c1Ufω
max.

It follows that the compositional CPU energy consumption function for a
task τi with utilization Ui is

E(1, Ui) = (t1 − t0)c1Uif
ω
max.

Next we define the upper and lower bounds for the CPU energy consumption
of a task τi as follows

bEu
i = bEl

i = E(1, Ui).

Note that in this case, the CPU energy consumption of a task is fully compo-
sitional in the sense that the amount of CPU energy that a specific task consumes
is proportional to the amount of time it runs which in turn only depends on the
utilization of the considered task. Thus we can write in this case that

E

(
1,

n∑

i=1

Ui

)
=

n∑

i=1

E(1, Ui).

With only two discrete frequency levels, the nonlinearity of the power consump-
tion function is not expressed in terms of the utilization of the tasks and thus
plays no role in the bounds.

An important aspect that has not been considered is the wake-up cost. In
some systems the idle time must be sufficiently long such that the wake-up
overhead is neutralized [18]. However, even in this case the amount of energy
attributed to individual tasks does not change, just the overall CPU energy
consumption.

Since there are only two frequency levels, the CPU energy consumption is
higher than in the case of intermediate frequency levels. We compare the CPU
energy consumed in this case to the ideal case where there is a continuous set of
available frequencies in Section 4.



3.2 Continuous frequency levels

We now look at power isolation in an ideal system in which there is a continuous
set of available frequency levels. In this case the frequency scaling factor, as
described in [10], is

κ = U =

n∑

i=1

Ui.

In order to isolate a task τi from the task set in terms of energy consumption
we look at the two extreme cases, namely when the frequency is scaled from
0 to Ui and when the frequency is scaled from 1 − Ui to 1, where Ui is the
utilization of task τi. Because of the nonlinearity of the CPU energy consumption
function (Equation 1), a task τi has the lowest contribution to the CPU energy
consumption if there are no other tasks running besides the given task and the
highest contribution to the CPU energy consumption if by adding the task the
utilization becomes 100%. The two cases are easy to prove using the binomial
theorem. Given three utilizations U1, U2, Ui ∈ (0, 1) with U1 ≤ U2, we have that

E(U1 + Ui, U1 + Ui)− E(U1, U1) ≤ E(U2 + Ui, U1 + Ui)− E(U2, U2),

and conversely, for U1 ≥ U1 we have

E(U1 + Ui, U1 + Ui)− E(U1, U1) ≥ E(U2 + Ui, U2 + Ui)− E(U2, U2).

The two cases are when U1 = 0 and when U1 + Ui = 1, respectively.
Given the best and worst case we find the lower and upper bound on CPU

energy consumption for a task τi with utilization Ui.
Equation (2) in this case gives the following CPU energy consumption func-

tion
E(U,U) = (t1 − t0)c1(fmaxU)ω.

We now look at the best case, namely that task τi with utilization Ui is the
only task in the system. Hence the CPU energy consumption for this task, and
therefore the lower bound on CPU energy consumption, is given by

bEl
i = E(Ui) = (t1 − t0)c1(fmaxUi)

ω.

In the worst case, adding this task to a system will cause a frequency scaling
from frequency (1−Ui)fmax to fmax. Therefore the upper bound on CPU energy
consumption for task τi is

bEu
i = E(1, 1)− E(1− Ui, 1− Ui)

= (t1 − t0)c1(f
ω
max − ((1 − Ui)fmax)

ω)

= (t1 − t0)c1f
ω
max(1− (1− Ui)

ω).

Figure 1 shows the CPU energy consumption bounds with ω = 2 and ω = 3.
The x-axis represents the utilization Ui of the task τi. The y-axis shows the CPU
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Fig. 1. CPU energy consumption bounds as a percentage of the maximum CPU energy
consumption with ω = 2, 3

energy consumption as a percentage of the maximum CPU energy consumption,
i.e., when running at frequency fmax for the whole considered time interval.
Interestingly, the bounds converge for tasks with low and high utilization while
the biggest difference between the upper and lower bound is when the task has
utilization Ui = 50%. Moreover, for ω = 2 the difference between the bounds is
less than for ω = 3.

We measure the quality of power isolation through the CPU energy consump-
tion jitter. The CPU energy consumption jitter jEi is the difference between the
upper and lower bound:

jEi = bEu
i − bEl

i

= (t1 − t0)c1f
ω
max(1 − (1− Ui)

ω − Uω
i ).

Figure 2 shows the CPU energy consumption jitter with increasing ω as
a percentage of the maximum CPU energy consumption (y-axis). The x-axis
represents the utilization of the task τi. As ω increases, the difference between
the upper and lower CPU energy consumption bounds increases. The bounds
become tighter with low (< 20%) and high (> 80%) task utilization for any ω.

For ω = 2 the jitter becomes

jEi(Ui) = 2(t1 − t0)c1f
2
maxUi(1− Ui).

If ω = 3 we have

jEi(Ui) = 3(t1 − t0)c1f
3
maxUi(1− Ui).

In practice a system does not have a continuous set of available frequency
levels. Hence, in the next section we discuss systems with discrete frequency
levels.
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3.3 Discrete frequency levels

In systems with discrete frequency levels, the frequency is scaled to the nearest
frequency that is at least fmax ·∑n

i=1 Ui. This ensures that all tasks will finish
their computation within or at their deadlines. Let κ1 · fmax < κ2 · fmax < · · · <
κm · fmax be the available frequency levels with κ1, . . . , κm ∈ [0, 1], κ1 = 0,
κm = 1, and m > 2.

We first assume that we have three frequency levels, i.e., m = 3, namely 0,
κ · fmax, and fmax, where κ ∈ (0, 1). Depending on the sum of the utilization
of the tasks the frequency is scaled either to κ · fmax if

∑n
i=1 Ui ≤ κ or to

fmax if
∑n

i=1 Ui > κ. Whenever the system is idle, i.e., no task is running, the
processor is scaled to 0. Since we want to express the CPU energy consumption
bounds of a task independently of any other task, we have no knowledge how
the total system utilization will be affected by adding or removing task τi. Thus
we have to consider the best and worst case contribution of task τi to the CPU
energy consumption of the system. As seen in the previous subsection, where we
considered continuous frequency levels, the worst case contribution of a task τi
to the CPU energy consumption is when by adding τi, the utilization becomes
100%. Conversely, the best case contribution of τi is when the task is the only one
running in the system. This insight can be extended for the discrete frequency
case. However, we need to prove whether the worst case contribution of τi is
when the frequency is switched from κfmax to fmax, or whether the worst case
contribution is when the frequency remains fmax with and without τi.

Proposition 1. The worst case CPU energy consumption of a task τi is when,
by adding the task to a system, the frequency is switched from κfmax to fmax,
where κ ∈ (0, 1).

Proof. We consider two possibilities. The first one is when the frequency is not
scaled. Here, due to the nonlinearity of the power consumption function, the



worst case CPU energy consumption of a task τi is when by adding task τi, the
utilization in the system increases from 1−Ui to 1. The worst case contribution
to the CPU energy consumption of task τi in this case is

(t1 − t0)c1f
ω
max(1− (1− Ui)).

The second possibility is when by adding task τi the frequency is switched from
κfmax to fmax for some κ ∈ (0, 1). We know that the utilization of all other
tasks in the system satisfies

n∑

j=1

j 6=i

Uj ≤ κ and

n∑

j=1

j 6=i

Uj > κ− Ui.

The CPU utilization of all other tasks in the system besides τi is max(κ −
Ui, 0). If the frequency is scaled from κfmax to fmax the utilization is either κ−Ui

in the case when Ui < κ or 0 in the other case. The CPU energy consumption
of the system without task τi at frequency level κfmax is

E(κ,max(κ− Ui, 0)) > (t1 − t0)c1 (κfmax)
ω
max

(
1− Ui

κ
, 0

)
.

With task τi the worst case utilization of all tasks in the system is min(κ+
Ui, 1), since the CPU energy consumption of the system cannot exceed the max-
imum possible CPU energy consumption, i.e., when the utilization is 100%, we
take the minimum between κ+ Ui and 1.

Using Equation 2 the CPU energy consumption of the system is

E(1,min(κ+ Ui, 1)) ≤ (t1 − t0)c1f
ω
maxmin(κ+ Ui, 1).

We take the worst case contribution of task τi to the CPU energy consump-
tion when the frequency is scaled, which is always less than E(1,min(κ+Ui, 1))−
E(κ,max(κ− Ui, 0)).

We now have to prove that the CPU energy consumption in the first case is
always lower than or equal to the CPU energy consumption in the second case,
i.e.,

1− (1− Ui) ≤ min(κ+ Ui, 1)−max

(
1− Ui

κ
, 0

)
κω

There are four cases.

Case 1 If min(κ+Ui, 1) = κ+Ui and max

(
1− Ui

κ
, 0

)
= 1− Ui

κ
then the inequality

becomes

Ui ≤ κ+ Ui −
(
1− Ui

κ

)
κω.

After reductions, the inequality becomes

(κ− Ui)κ
ω−2 ≤ 1,

which is true since κ ≥ Ui, ω ≥ 2, and κ ∈ (0, 1).



Case 2 If min(κ + Ui, 1) = 1 and max

(
1− Ui

κ
, 0

)
= 1 − Ui

κ
then the inequality

becomes

Ui ≤
1− κω

1− κω−1
,

which is true since κω−1 > κω for κ ∈ (0, 1) and ω ≥ 2.

Case 3 If min(κ + Ui, 1) = κ + Ui and max

(
1− Ui

κ
, 0

)
= 0 then the inequality

becomes Ui ≤ κ+ Ui, which is trivially true.
Case 4 Last, if min(κ+Ui, 1) = 1 and max((κ−Ui)κ

ω−1, 0) = 0 then the inequality
becomes Ui ≤ 1, which completes the proof.

The best case contribution of task τi to the CPU energy consumption, i.e.,
the lowest CPU consumption of a system with task τi, is when τi is the only
task in the system.

Given the worst and best case contribution of task τi to the CPU energy con-
sumption we now give upper and lower bounds for the CPU energy consumption
of task τi. We differentiate two cases depending on whether Ui is bigger or smaller
than κ.
Case 1. (Ui ≤ κ) In this case, the lowest contribution to the CPU energy
consumption of task τi is when by adding the task, the frequency level remains

κfmax. Since the frequency is not scaled, the contribution is proportional to
Ui

κ
.

We remind the reader that the term
Ui

κ
refers to how much CPU bandwidth the

task τi will require after the system has been scaled with a scaling factor κ. The
lower CPU energy consumption bound is therefore

bEl
i = (t1 − t0)c1

Ui

κ
(κfmax)

ω

= (t1 − t0)c1Uif
ω
maxκ

ω−1.

The upper CPU energy consumption bound is

bEu
i = (t1 − t0)c1f

ω
max(min(κ+ Ui, 1)− κω(1 − Ui

κ
)).

We now elaborate on the upper CPU energy consumption bound. From Propo-
sition 1, the worst case contribution to the CPU energy consumption of task τi
is when the frequency is scaled from κfmax to fmax. Naturally, for Ui ≤ κ, the
lowest possible utilization of all other tasks besides τi is κ−Ui. The CPU energy
consumption without task τi at frequency level κfmax is

E(κ, κ− Ui) > (t1 − t0)c1 (κfmax)
ω

(
1− Ui

κ

)
.

The CPU energy consumption when running at frequency fmax is

E(1,min(κ+ Ui, 1)) ≤ (t1 − t0)c1f
ω
maxmin(κ+ Ui, 1).



The upper bound is thus the difference between the CPU energy consumption
of all tasks including τi at level fmax and the CPU energy consumption at level
κfmax of all tasks excluding τi, namely

E(1,min(κ+ Ui, 1)) − E(κ, κ− Ui)

< (t1 − t0)c1f
ω
max(min(κ+ Ui, 1)

− κω(1 − Ui

κ
))

= bEu
i .

The CPU energy consumption jitter for Ui ≤ κ is

jEi = bEu
i − bEl

i

= (t1 − t0)c1f
ω
max(min(k + Ui, 1)− κω).

Case 2. (Ui > κ) The difference between this case and the previous is that if
there are no tasks in the system and task τi is added, the frequency is scaled to
fmax directly. In this case only the lower bound changes to

bEl
i = (t1 − t0)c1Uif

ω
max.

For Ui > κ, the utilization of all other tasks besides τi is 0 in the best case. The
CPU energy consumption without task τi at frequency level κfmax is always
greater than 0. The upper bound in this case is

bEu
i = (t1 − t0)c1f

ω
max(min(κ+ Ui, 1)).

We present several figures that show how the bounds and jitter behave de-
pendent on the frequency level κfmax, the utilization of task τi, and ω.
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Fig. 3. CPU energy consumption bounds and jitter as a percentage of the maximum
CPU energy consumption with κ = 0.5 and ω = 2, 3
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Fig. 4. CPU energy consumption bounds and jitter as a percentage of the maximum
CPU energy consumption with κ = 0.8 and ω = 2, 3
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(a) 3 discrete frequency levels
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(b) 4 discrete frequency levels
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(c) 5 discrete frequency levels
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Fig. 5. CPU energy consumption bounds and jitter as a percentage of the maximum
CPU energy consumption with multiple discrete frequency levels and ω = 2, 3

In Figure 3 we present the CPU energy consumption bounds and jitter in a
system with κ = 0.5 and ω = 2, 3. The x-axis represents the utilization of task
τi and the y-axis shows the CPU energy consumption as a percentage of the



maximum CPU energy consumption. The jitter increases with the utilization
until Ui = κ and then decreases. This increase depends on κ. In Figure 4 we
show the same scenario for a system where κ = 0.8. If Ui is between 0 and 0.2
the jitter increases, then stays constant and decreases for Ui bigger than 0.8.

In Figure 6 we plot the dependency of the CPU energy consumption jitter
in terms of both κ and Ui. Figure 6(a) shows the jitter as a percentage of the
maximum CPU energy consumption (z-axis) with the x-axis showing Ui and the
y-axis representing κ. Figures 6(b) and 6(c) show a 2D map of the same scenario
with ω = 2 and ω = 3 respectively. We can see that for κ < 0.2 and κ > 0.8, the
jitter remains at around 10− 20% independently of Ui. Similarly, for small and
large task utilization, the jitter is around 10−30% of the maximum CPU energy
consumption. For Ui ∈ [0.3, 0.7] and κ ∈ [0.3, 0.7] we have the most jitter, i.e.,
the CPU energy consumption bounds have the largest variance.

We now look at the general case where there are multiple discrete frequency
levels.

Let κl ∈ {κ1, κ2, . . . , κm} be the next higher frequency scaling factor to Ui

such that κl−1 < Ui ≤ κl and let κu ∈ {κ1, κ2, . . . , κm} be the next higher
frequency scaling factor to 1− Ui such that κu−1 < 1− Ui ≤ κu.

The lowest contribution to the CPU energy consumption of task τi is when
the task is the only task running in the system. Thus the processor is scaled to
the frequency level given by κlfmax. The lower bound for task τi is therefore

bEl
i = (t1 − t0)c1

Ui

κl
(κlfmax)

ω.

For the upper bound we consider the CPU energy consumption of task τi
in the worst case in which adding the task to the system would scale the fre-
quency from the largest frequency possible without τi in the system to fmax.
Since we do not know the total utilization of the other tasks in the system, the
frequency at which the system runs is the minimum between κu and κm−1. Let
κ = min(κu, κm−1).

Following the same line of reasoning as in the case where there are only three
available frequencies, the upper bound for task τi is

bEu
i = (t1 − t0)c1f

ω
max(min(κ+ Ui, 1)− κω max(1− Ui

κb
,min(κu−1, κm−2))),

since

E(1,min(κ+ Ui, 1)) − E(κ,min(κu−1, κm−2)))

< (t1 − t0)c1f
ω
max(min(κ+ Ui, 1)

− κω max(1− Ui

κb
,min(κu−1, κm−2))).

The term min(κu−1, κm−2) refers to the least amount of utilization that all
other tasks besides τi in the system can have if the frequency is scaled from
κbfmax to fmax by adding τi.
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Fig. 6. CPU energy consumption jitter as a percentage of the maximum CPU energy
consumption in function of κ and Ui
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Fig. 7. CPU energy consumption jitter as a percentage of the maximum CPU energy
consumption with different number of frequency levels and ω = 2

In Figure 5 we plot the CPU energy consumption bounds and jitter as a
percentage of the maximum CPU energy consumption (y-axis) in terms of the
task utilization Ui (x-axis) for different system configurations and for ω = 2, 3.
In Figure 5(a) we have the frequency scaling factors {0, 0.5, 1}, in Figure 5(b)
the factors are {0, 0.33, 0.66, 1}, in Figure 5(c) we have {0, 0.25, 0.5, 0.75, 1}, and
in Figure 5(d) we have the frequency scaling factors {0, 0.2, 0.4, 0.6, 0.8, 1}.

In Figure 7 we plot the CPU energy consumption jitter for all system con-
figurations mentioned above and for ω = 2. In addition we also plot an ideal
system with a continuous set of available frequency levels. As before the x-axis
is the task utilization and the y-axis represents the CPU energy consumption
jitter as a percentage of the maximum CPU energy consumption.

4 Cost of Power Isolation

We introduce the term of CPU energy consumption cost as the additional CPU
energy consumed in the case of discrete frequencies over the ideal case where a
system has continuous frequency levels.

As we have seen from the previous section, the quality of power isolation,
i.e., the CPU energy consumption jitter, is dependent on several factors. One
factor is the number of frequency levels. We have seen that for two frequency
levels the jitter is zero. With more frequency levels, the jitter increases but is
also dependent on the utilization of the considered task τi. For tasks that have
low or high utilization the jitter is less than for tasks with medium utilization.
With a continuous set of available frequency levels, tasks with 50% utilization
have the maximum jitter. We now quantify the cost of power isolation. Given the
described power model, the lowest energy consumption is when the frequency is
scaled to exactly the sum of the utilizations of the tasks, i.e., when there is a
continuous set of available frequencies.



Note that, in some systems a race to idle, i.e., the CPU runs at maximum
frequency in order to maximize idle time, is more energy efficient [19]. If this
is the case the CPU energy consumption of the tasks is fully compositional as
described in Section 3.1. We analyze the general case where the most CPU energy
is consumed when there are only two available frequency levels 0 and fmax and
with increasing number of frequency levels the CPU energy consumption is closer
to the ideal.
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The cost of power isolation depends on four main factors, the sum of task
utilizations, the utilization of the considered task, the number of available fre-
quency levels, and the distribution thereof in the interval [0, fmax].

We define the ideal CPU energy consumption in an interval [t0, t1) for a set
of tasks Γ = {τi | 1 ≤ i ≤ n} as the energy consumption in a system with a
continuous set of frequency levels, namely

Eideal(U,U) = (t1 − t0)c1(fmaxU)ω .

The CPU energy consumption of a system with κ1 ·fmax < κ2 ·fmax < · · · <
κm · fmax frequency levels for the task set Γ is

Eκ(κl, U) = (t1 − t0)c1
U

κl
(κlfmax)

ω,

with κl ∈ {κ1, κ2, . . . , κm} such that κl−1 <
∑n

i=1 Ui ≤ κl being the fre-
quency level closest to the total utilization of the tasks.

We define the cost metric as the additional CPU energy consumed in the
case of discrete frequencies over the ideal case, namely Eκ − Eideal.

We want to compare the quality and cost metric for a given task in isola-
tion of any other tasks. Thus we have to bring the two metrics on a common



denominator. Since the jitter depends on the utilization of the task τi, we also
want to express the cost in terms of τi. If the total system utilization is 1 then
the difference between Eκ and Eideal is 0. The greatest difference in terms of
cost is when only task τi runs in the system, but the system runs at maximum
frequency. The best case CPU energy consumption is when only τi runs in the
system and the frequency is scaled to Uifmax. We can define an upper bound on
the cost that is only dependent on τi, namely

cEi = (t1 − t0)c1f
ω
maxUi(1− Uω−1

i ).

In Figure 8 we plot the cost of power isolation in terms of the task utilization
with ω = 2 and ω = 3. The x-axis is the task utilization Ui and the y-axis shows
the additional CPU energy consumption over the ideal case as a percentage of
the maximum CPU energy consumption. Since we have chosen to express the
cost only in terms of task τi, the number of different frequency levels does not
influence the upper bound. A more exact cost function would include also the
utilizations of the other tasks in the system. Using the described power model
in the general case it holds that the more frequency levels are available in the
system the lower the additional CPU energy consumption of the entire system.

In Figure 9 we show the relation between the cost and the quality of power
isolation with different number of frequency levels. Each figure is a parametric
plot where the independent variable is the utilization of the task τi, the y-axis
is the upper bound on the cost as a function of Ui, and the x-axis represents the
CPU energy consumption jitter in function of Ui. While more frequency levels
will introduce less isolation cost, the isolation quality is highly dependent on the
task utilization and there is no strict monotonic relation between the number of
frequency levels and the quality of isolation.

5 Related Work

We distinguish several directions of related research. The first is related to iso-
lation of task behavior in real-time systems and more generally to power-aware
real-time scheduling while still ensuring schedulability and temporal isolation.
Another class of related research is centered on measuring and/or predicting the
energy consumption of individual tasks in a system. Moreover, we also mention
a third class of related results that enforce isolation of task power consumption.

In real-time systems the most important kind of isolation is temporal isola-
tion. Temporal isolation is usually guaranteed via server mechanisms like CBS [4]
and VBS [5] or through compositional scheduling [1], [2]. Servers are usually de-
fined by a period and a budget, where the budget is in most cases an upper limit
on the time the server executes in the time-frame given by the period. There
has been a lot of research concerning server mechanisms [20], [21], [22], [23].
Power-aware versions of server mechanisms have been proposed in [24], [9]. The
aim of these approaches is to reduce the total CPU power consumption while
maintaining the temporal isolation guarantee. They do not, however, address
isolating the tasks in terms of their individual power consumption.
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Fig. 9. Parametric plot of the CPU energy consumption cost and jitter as functions of
Ui

Through dynamic voltage and frequency scaling (DVFS) the total CPU
power consumption may be reduced without negatively affecting the timing re-
strictions of individual tasks [10]. Many results in this area [25], [26], [10], [27]
start from an offline model where the execution time of all tasks is provided by
the worst case assumption. In the online phase the frequency is scaled according
to the time tasks actually execute, thus making use of idle time generated by
tasks that finish early. In this paper we assume that task computation times are
always at their worst case assumption. Integrating power isolation with more
advanced methods that speculate on early completion is subject of future work.



Another line of research is concerned with measuring or approximating the
energy consumption of specific tasks. In [28] the authors present a method for
estimating the worst-case energy consumption (WCEC) of a task on a given
platform. As the authors point out, the method is similar to WCET analysis
because it computes upper bounds on energy consumption for each basic block
in the control-flow graph of a task. In terms of measuring the power consumption
of a task, a more recent example is [29] which proposes a system-call-based
approach for fine-grained energy consumption accounting.

The work in [30] introduces a different approach to power isolation in the
context of sensor networks. Each task is assigned a virtual energy source, called
the virtual battery, with the aim to divide the total energy amongst all tasks
(where each task can reserve a certain percentage). When a task has exhausted
its allotted energy reserve it is terminated. Measuring and controlling power con-
sumption has been studied for virtual machines [31], and in distributed systems
(with a focus on thermal management) by employing the resource container ab-
straction [32]. In [33] the authors propose a model that, among other properties,
allows power to be shared among tasks according to their proportional share.
Another, related research direction is the Chameleon framework [34] in which
power isolation is accomplished by letting each task specify and control their
own power requirements while the system enforces isolation of these require-
ments. The presented methods from the third class of related research enforce
power isolation, i.e., the behavior of tasks is changed in order to maintain power
isolation. In contrast, our work provides a way to analyze the individual power
consumption of tasks without intervening in the execution or scheduling of the
tasks.

6 Conclusion and Future Work

We have introduced the concept of power isolation for EDF-scheduled periodic
hard real-time tasks and shown that such tasks can be effectively isolated with
respect to their power consumption without affecting their relevant real-time
behavior. In particular, we have provided lower and upper bounds on the indi-
vidual power consumption of a given task independent of any other tasks in the
system and shown that the quality of power isolation depends on task utilization
and system properties related to frequency scaling. We have also discussed the
cost of power isolation in terms of how much additional power may be consumed
depending on system properties, power model, and quality of power isolation.

The analysis presented in this paper is a theoretical starting point for power
isolation and compositionality. As such there are several assumptions that have
been made which need to be addressed in future work. First, the scaling cost is
not considered. Whenever the frequency is scaled, an overhead both in terms of
power and time is introduced [35]. We aim at incorporating this overhead in the
analysis by including the power overhead as a system component and the time
overhead in the schedulability analysis, similar to [6]. Second, the power model
is idealized. Using the results and techniques presented in this paper we plan to



analyze more accurate power models such as in [8], [36]. In the same direction we
plan to apply our method to a state-of-the-art real-world processor and analyze
the isolation bounds and their variance.
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